The co-norm

Unit 20

Gil Cohen

January 3, 2025

Gil Cohen The co-norm



The co-norm

Throughout this unit, we let F/L be a function field extension of E/K.

Definition 1

Let p be a prime divisor of E/K. To p we associate a divisor
Con(p) = ) _ e(B/p)B.
B/p

The map Con can be extended in the natural way to a group
homomorphism
Con : D(E/K) — D(F/L)

We call Con the co-norm and sometimes denote it by Conf/g.
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The co-norm

The following are straightforward properties of the co-norm.

Q@ a >0 = Con(a) >0.
@ Ifa,b are disjoint then so are Con(a), Con(b).
@ IfF'/L’ is an extension of F/L then

COI’IF//E = COHF//F o COHF/E.

@ Con is one to one.
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The co-norm

The co-norm is a natural homomorphism in that it “lifts” a principle
divisor of E to the corresponding divisor in F.

Lemma 3

For every x € E*,

(x)r = Con((x)e),
(x)F,0 = Con((x)e,0),
(X)F,00 = Con((x)E,00)-
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The co-norm

We start by proving that (x)r = Con((x)e).

r= Y vp()B

PeP(F/L)

= > D P

pEP(E/K) B/p

= > u(x)) e(B/p)B

peP(E/K) B/p

= > w(x)Con(p)

peP(E/K)

= Con Z vp(x)p
peP(E/K)

= Con((x)g).
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The co-norm

Proof.
This proves the first item. Using it, we have that

(x)r = Con((x)e) = Con((x)e,0) — Con((x)E,c0)-

By the Lemma 2, the two divisors Con((x)g,0) and Con((x)g,~) are
non-negative and disjoint, and the proof of items 2,3 follow. O
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When we take a divisor a € D(E/K) and would like to consider “it" over
F/L we will identify a with Con(a). To keep notation light, we will
sometimes use a rather than Con(a).

However, the degree and dimension of a and Con(a) typically will not be
the same, and so we write degg a for deg Con(a) and degg(a) for dega,
and similarly define dimr a as dim Con(a).
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Degree under co-norm

There exists a constant A that depends only on F/E s.t. Ya € D(E/K),

degpa = X - degg a.
Moreover, if F/E is finite then A = %

We first prove the theorem for the case that F/E is finite. It suffices to
prove the theorem for prime divisors (as degg and degr = degoCon are
homomorphisms).
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Degree under co-norm

Take p € D(E/K). Then,

degg p = deg Con(p)

—deg »  e(B/p)P
PB/p

= e(B/p) deg B.
B/p

Recall that
[L: K]degP = f(B/p) dege p,

and so, using the fundamental equality,

[F:E]

degep = TEEP > R = [

[P dege p.
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Degree under co-norm

We turn to consider the general case. It suffices to show that for all
prime divisors p, q,

degg p _ dege q
degrp  deggrq

Assume towards a contradiction that for some prime divisors p, q it holds
that

degg p < dege q
degep ~ degeq’

or, equivalently,

degg p < degg p
degeq  deggq
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Degree under co-norm

dege p ” degg p

degeq  degrq

Then, there are m,n € N s.t.

degg p < m < degg p
degeq  n degpq

Equivalently,

dege(np — mq) > 0,
dege(np — mq) < 0
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Degree under co-norm

dege (np — ma) > 0,
degg(np — mq) < 0

To get a contradiction, it suffices to prove that
Va € D(E/K) degca>0 = degra>0.
Consider k € N sufficiently large (compared to gg). By Riemann-Roch,
dimg ka = kdegga+ 1 — ge > 0.
Thus, 3x € EX s.t. (x)g + ka > 0. By Lemma 2 and Lemma 3,
0 < Con((x)e + ka) = (x)r + kCon(a),
and so, as deg((x)g) =0,

degr a = deg Con(a) > 0.



