Algebraic-Geometric Codes Fall 2024/5

Recitation 5: The Ramification and Residual Indices
Scribe: Tomer Manket

Let F be a field and v: F — I" U {oo} a valuation. Recall that its corresponding valuation
ring is

Op ={a € F|v(a) > 0}.
This is a local ring with maximal ideal

mp = {a € F|v(a) > 0}.

The quotient F' := Op/mp is a field (called the residue field), and the map ¢: F — FU{oo}
given by

00 otherwise

is a corresponding place.

You showed in class that if £ C F' is a subfield, then the restriction v|g: E — I'U {oco} is
a valuation. Its valuation ring is O = F N O and its maximal ideal is mg = EF Nmpg.
Moreover, the restriction ¢|g is a place of E (corresponding to the valuation v|g). Its
residue field is

E = p(E)\{oo} = Op/mg
and is a subfield of F.
Definition 1. The ramification index of F/E is (v(F*) : v(EX)).
Definition 2. The residual index of F/E is [F : E.

Theorem 3. o
[F:E]-(w(F*):v(EX)) <[F:E].

Corollary 4. If [E : F] =n < oo then both (v(F*) : v(EX)) <n and [F : E] < n.

Proof of Theorem 3. For z € Op, let 7 := p(z) = z + mp € F. Let x1,...,7,, € OF be
such that Z1,...,T;,; € F are linearly independent over E. Let y1,...,y, € F* be such
that v(y1),...,v(yn) represent distinct cosets in the quotient group v(F>)/v(G*).

It suffices to prove that the subset {x;y; }1<i<m C F is linearly independent over E. Suppose

1<j<n

YD airiy; =0 (1)

j=1 i=1



for a;; € E which are not all zero. W.l.o.g. for every j € [n] there exists i € [m] such that
a;j # 0 (otherwise omit j in the summation).

Claim. v (3. a;jx;) = min; v(a;;). In particular, v (3 i~ aija;) € v(EX).

Indeed, let k& € [m] be such that v(ay;) = min; v(a;;). By the assumption, ay; # 0. We

need to show that v (3", a;jx;) = v(ag;). Let by = Z}’: so that by; =1 and
J

v(bij) = v(aij) — v(ar;) = 0.

Then b;; € Op for all ¢ anibkj ¢ mpg, hence E € E and E # 0. Since 77, ...,T,, € F are
linearly independent over F,

It follows that Y ", bjjxz; € Op\mp, hence v (3 ;% bijxz;) = 0. Therefore,

v (Z aija?i> =V <akj Z waz> = V(akj) +v (Z bljl'Z) = I/(akj)
i=1 i=1 =1
as desired.
To conclude, by Equation (1) we have
Z ( aijxi> Y; = 0.
j=1 \i=1

By the claim, for each j we have )", a;;x; # 0 (and clearly y; # 0). Hence n > 2. This
implies that there exist k # £ such that

() )= (o))

ie.
v (Z az‘k;ﬂﬁi) +v(yr) =v (Z az‘eﬂﬁi) + v(ye)-
i=1 i=1
But then
v(ye) —v(ye) = v <Z aww) —v < aisz’) € v(E™),
i=1 i=1
contradicting the fact that v(yx) and v(y,) are in different cosets in v(F*)/v(E™). O



