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What is this course about?

This course is about a construction of certain error correcting codes
known as Goppa Codes or Algebraic Geometric Codes.

These super beautiful and elegant codes beat the parameters of codes
obtained via the probabilistic method (namely, the Gilbert-Varshamov
bound) in interesting regime of parameters - an extremely rare
phenomena.

But before we start, some technicalities.
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About us

I am a theoretical computer scientist working mostly within

1 Complexity theory, especially randomness related questions

2 Pseuodrandomness & explicit constructions

3 Coding theory

4 Spectral graph theory

Tomer, your TA, is my PhD student, working mostly within AG codes.
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Course mechanics

Meetings

1 We meet in person on Wednesdays from 10:00 to 13:00 in
Shenkar-Physics 204.

2 Tomer’s recitations take place on Wednesdays from 14:00 to 15:00
in the Melamed Auditorium, Room 006.

3 I am happy to meet upon request to discuss the material and
problem sets.

4 Lectures and recitations will be recorded in English; however, I
expect in-person attendance. Please note that a Zoom option will
not be available.

Homepage & Contact

1 The course homepage: www.gilcohen.org/2024-agc.

2 My email: coheng@gmail.com.

3 Tomer’s email: tomermanket@mail.tau.ac.il.
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Course mechanics

Grade
The grade will be determined as follows: Half of the grade will be based
on a one-hour presentation by each student at the end of the semester,
covering topics not discussed in lectures or recitations. The other half
will be based on homework assignments, submitted in pairs throughout
the semester. We expect to publish about 5 assignments. Only selected
questions will be graded, and the overall grade will be determined by
these alone.
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Course mechanics

Literature & notes
The course will be taught on the blackboard. I will follow lecture notes,
which will be published on the course homepage before each class. As we
won’t be able to prove everything in detail, due to time constraints, some
of the more technical or less insightful proofs will be left for you to review
in the notes, if you wish. I may record additional videos for some of the
selected proofs that are omitted.

The notes are mostly based on

Dan Haran’s lecture notes for the first ≈ 2
3 of the course.

Stichtenoth’s book: Algebraic Function Fields and Codes.

There are several other books we will not be following directly. Please
refer to the course homepage for additional information.
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Course mechanics

Prerequisites
Despite the course’s title, you do not need prior knowledge of coding
theory or algebraic geometry. However, by the end of the course, you still
won’t be an expert in coding theory or algebraic geometry! :)

This is primarily a course in pure mathematics with an algebraic focus. A
basic understanding of groups, rings, and fields is assumed. Starting from
mid-semester, we will also be using Galois Theory.
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More on prerequisites

Polynomials and similar structures are extremely useful in theoretical
computer science (TCS), and the underlying mathematics of AG codes is
much deeper and more powerful than what is typically used in TCS. By
this logic, the theory should have further applications. The challenge,
however, lies in the steep learning curve for those with a typical TCS
background.
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More on prerequisites

Our approach will be algebraic—faster and more powerful, but also more
abstract and less intuitive. I will informally introduce the geometric (and
number-theoretic) concepts and provide insights into the broader context
within commutative algebra.
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How do we proceed?

A quick and dirty introduction to coding theory

The basics of the theory

Abstracting the notion of a point on a curve

Function fields
...

Riemann’s Theorem (1857) and the genus

Goppa codes
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How do we proceed?

Going deeper for explicit code constructions

The Riemann-Roch Theorem (1865).

Function field extensions (here is were Galois theory will come in).

Proof of The Riemann Hypothesis for curves over finite fields (raised
by Artin (1924); proved by Hasse for genus 1 and Weil (1949) for
the general case).

...

Construction of AG codes

Figure: A footnote from Weil’s paper.
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