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What is this course about”

This course is about a construction of certain error correcting codes
known as Goppa Codes or Algebraic Geometric Codes.

These super beautiful and elegant codes beat the parameters of codes
obtained via the probabilistic method (namely, the Gilbert-Varshamov
bound) in interesting regime of parameters - an extremely rare
phenomena.

But before we start, some technicalities.
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| am a theoretical computer scientist working mostly within
@ Complexity theory, especially randomness related questions
@ Pseuodrandomness & explicit constructions
© Coding theory
@ Spectral graph theory

Tomer, your TA, is my PhD student, working mostly within AG codes.
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Overview

© Course mechanics
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Course mechanics

Meetings

@ We meet in person on Wednesdays from 10:00 to 13:00 in
Shenkar-Physics 204.

@ Tomer's recitations take place on Wednesdays from 14:00 to 15:00
in the Melamed Auditorium, Room 006.

© | am happy to meet upon request to discuss the material and
problem sets.

@ Lectures and recitations will be recorded in English; however, |
expect in-person attendance. Please note that a Zoom option will
not be available.

Homepage & Contact
@ The course homepage: www.gilcohen.org/2024-agc.
@ My email: coheng@gmail.com.

© Tomer's email: tomermanket@mail.tau.ac.il.
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Course mechanics

Grade

The grade will be determined as follows: Half of the grade will be based
on a one-hour presentation by each student at the end of the semester,
covering topics not discussed in lectures or recitations. The other half
will be based on homework assignments, submitted in pairs throughout
the semester. We expect to publish about 5 assignments. Only selected
questions will be graded, and the overall grade will be determined by
these alone.
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Course mechanics

Literature & notes

The course will be taught on the blackboard. | will follow lecture notes,
which will be published on the course homepage before each class. As we
won't be able to prove everything in detail, due to time constraints, some
of the more technical or less insightful proofs will be left for you to review
in the notes, if you wish. | may record additional videos for some of the
selected proofs that are omitted.

The notes are mostly based on
@ Dan Haran's lecture notes for the first ~ % of the course.
@ Stichtenoth’s book: Algebraic Function Fields and Codes.

There are several other books we will not be following directly. Please
refer to the course homepage for additional information.
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Course mechanics

Prerequisites

Despite the course’s title, you do not need prior knowledge of coding
theory or algebraic geometry. However, by the end of the course, you still
won't be an expert in coding theory or algebraic geometry! :)

This is primarily a course in pure mathematics with an algebraic focus. A
basic understanding of groups, rings, and fields is assumed. Starting from
mid-semester, we will also be using Galois Theory.
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More on prerequisites

Polynomials and similar structures are extremely useful in theoretical
computer science (TCS), and the underlying mathematics of AG codes is
much deeper and more powerful than what is typically used in TCS. By
this logic, the theory should have further applications. The challenge,
however, lies in the steep learning curve for those with a typical TCS

background.
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More on prerequisites
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Our approach will be algebraic—faster and more powerful, but also more
abstract and less intuitive. | will informally introduce the geometric (and
number-theoretic) concepts and provide insights into the broader context
within commutative algebra.
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How do we proceed?

A quick and dirty introduction to coding theory

The basics of the theory
@ Abstracting the notion of a point on a curve

@ Function fields

@ Riemann’s Theorem (1857) and the genus

Goppa codes
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How do we proceed?

Going deeper for explicit code constructions
@ The Riemann-Roch Theorem (1865).
@ Function field extensions (here is were Galois theory will come in).

@ Proof of The Riemann Hypothesis for curves over finite fields (raised

by Artin (1924); proved by Hasse for genus 1 and Weil (1949) for
the general case).

@ Construction of AG codes

3 As to this, cf. H. Hasse, J. Reine Angew. Math. vol. 172 (1935) pp. 37-54. I re-
gret that I did not quote either of these papers, where the connection between vari-
ous kinds of exponential sums and the Riemann hypothesis is quite clearly expressed,

in my recent note on the same subject, Proc. Nat. Acad. Sci. U.S.A. vol. 34 (1948)
pp. 204-207.

Figure: A footnote from Weil's paper.
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Goppa's paper

Doxnagsl AkamemMuun Hayk CCCP
1981. Tom 259, N° 6

VIIK 519.46 MATEMATHKA
B.[. 'OMNMNA
KOIbl HA AJITEBPAMYECKHX KPHBbIX
(lIped A.A. Topod w 23 I 1981)

I.KoHcTpyKkuusa kopa. I[lycre E” — BeKTOpHOE IIPOCTPAHCTBO pa3-
MEpHOCTH N HaJl KOHeuHbIM monieM F,, C — NpoeKTMBHaA KpuBasi pofia g Hap Fg,
Py, P,,..., P, — pasmuunble TOUKH KpHBO# C, pauMoHanbHbte Hal Fy, D=2ZP;, G =

‘= ZmQQ — nBa 3¢$eKTHBHBIX AMBH30pa, IpHieM G paloHaneH Haj Fg, TaK uro BMecTe
¢ myQ COUEPXHT COMPAKEHHYI TOUKY Mgy (0Q), ecnu () MpUHAUIEXAT HEKOTOPOMY
pacumpermio nonst F,. Ilpennonaraercs, 4ro Hocurenu oBOMX JWMBH30pOB He mepece-
xaorcsi. Yepes Q(G — D) o6o3HaumM Kak OGBIYHO IPOCTPaHCTBO ubdepeHunanon

TaKHX, 910 (w) > G — D. BBeneMm nuHeiHbI# KoppexTHpYloumii Ko, [1] mocpencTBomM
oroGpaxeHus

QG-D) 5 B,
¢ w—>(Resp (w), Resp, (w), ..., Resp, (w)).
O6pa3 U=Im(p) HazoeM (D,G)-komoM pofma g creneHHu degG.
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Goppa's paper

220neHnkxa mapameTpo B. KomoBoe paccrosnue d M YMCIIO IPOBEPOY-
HBIX CHMBOJIOB 7 OLICHHBAIOTCSA C MOMOIIbI0 TeopeMbl Pumana—Poxa:

d > degG —2g+2,

r<d+g-1.

JIna [mHBI KOfa M3BECTHa oleHKa Xacce—Beitnsa :
In—(g+1)| < 22V<q

Jlywe mapameTpbl Kofa NONYYAlOTCA Jifi KPHBBIX, Ha KOTOPBIX JOCTHraeTcs BepxX-
Hisl [PaHHLA

n=q+1 +2g\/2
3.MpumMep ko na PaccMorpuMm smnTHYecKylo Kpuyo x> +y3 +z3 Han

nonem F4 ={0, 1, @, B}. I1a KpUBasi — M3BeCTHas aHrapMoHWYeckas KyOuka c 9 TOY-
KaMH, KOK/asA U3 KOTOPbIX GBnserca ¢riexcoM (MMeeT TPOHHYIO KacaTeNbHyIo) :

' P, P, P, P, Py P, P, P, 2,
x 1 0 « 1 0 [ 0 a 1
y 0 1 0 1 a 0 B B | [
z 1 1 1 0 1 1 1 0 0

Bce 9 Touek ob6pa3syior abenesy rpymmy tuna Z/(3) X Z/(3). B xauectBe muadpa G
BbIGepeM’ LIMKII NepeceyeHHs KPMBOH ¢ KOHHKOM xy + yz + zx = 0. Ilo Teopeme Besy
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Goppa's paper

Tor xe camprit (D, G)-kop Hap nojieM Fg4 uMeer NapaMertpsi n= 81, r=6,d = 6.
Tockonsky cymma BbryeToB mHd¢epeHupana pasHa 0, Iy BCeX KOMOBBIX CIIOL

CyMMa KOOpAIHHaT paBHa 0.
4. 1 BouuHBE KOoJBbl. HanGonbumit npakTHIeCKHii HHTEPEC NPEMICTaB-

JIAIOT ABOHYHBIE KOABI. Takue KOMIbl MONMYYAlTCA, €CITH B ONMMCAHHOH KOHCTPYKLMH TOJIO-
XuTh g =2™, a 3aTeM NepeiTH K TOIKORY Haf noanoneM F, :

n=2"+1+2g/2™,

d>2t+2,

r<m(+g-i)+1.
3pece m vetHo, G = 2G', deg G'= t + g, i — MHAEKC CrieUMANIbHOCTH MBH30opa G .

TIpy MaybiX WIHHAX 71 JTyYUIHMH OKa3bIBAIOTCA KOMbI Ha PaMOHATBHBIX KPHBBIX,
a npu Gonbumx n — KoMk Ha KpuBBIX Gonburoro pona. Hanpumep, xpussie Ipmuta [2]
umeior n =1 +23™2 ouex, PalUHOHANIbHBIX Haj, Fz"" Pop, 3THX KpHBBIX paBen g=2""1_
— 2m/2=1, Coorsercrayioume Komst Beca d > 2t + 2 umeror 1 < ¢ log # npoBepouHBIX
CHMBOTIOB NpH BCex t >2g =2™ —2™/2 npuuem passocts A=t logn —r > m(t/2 —g).

Dpumep m=8, n=4097, t =250, d > 502, r <2961.Ecnug ~ q =27,
t ~ g, T0 NOJTyYaeTCcsA aCHMIITOTHKA

r.,d

n n
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Goppa's paper

5. dexonuposaHHe. Jexomupopanne (D, G)-KOXOB CBOAKTCA K CIEAYI0-
meR 3aave \IHOGaHTOBBIX NpHOmMWKeHMH B mone - anreGpandeckux ¢yHkumii. Beemem
HopMmy Xemmunra || wlly; mudpdepermpana w — mcno nomocos w. Iycts | wilg 06o3nava-
€T HOpMy, NOPOX/IEHHYI0' JIoKanm3almeii B Touke Q. Jina 3amanHoro nuddeperumana S
(cunppoma) TpeGyercsa HaitTi U depeHIMan w TaKoi, YTO

lIw—SIIQI <aq, i=1,2,...,1

Il wllg = mins

3nech Q; M a; ONpeneNAOTCA No AuBH30py G = X m;Q;.
Ilpu g = 0 37a 3amaya IKBHBAIEHTHA 3aJjaye HAWJIY4llIero PalMOHANbHOIO MpHOIH-
JKEHHA p-aIHueCKUX YHCEl M M3BECTEH MPOCTOH AITOPHTM ee pellieHHA (anroput™ Manepa).
6.Tpynmna cummeTpuu. Cummerpur (D, G)-Ko/ia ONpeNensAoICcs aBTo-
Mopduamamu kpusoi C. I'pynna aBToMOpGHU3MOB, PaUMOHANBHBIX Haf Fg M ocTaBmsio-
IIMX WHBAPHAHTHBIM JHBH30p G, ABJIAETCA MOArPYNIOHA I'PYNIBI CHMMeETpHH Kopa. Ua-
BeCTHa oueHka I'ypBuua [y wMcna aBToMopdu3MOB KpHBOH npu g > 1: | Aut(C)| <
< 84(g — 1), Ho oHa cnpaBefyIHBa ML B XapaxTepuctuke 0. I KPUBBIX Haf KO-
HeuHbIM IIOJIEM 3Ta Tpymma MoxeT GbITh 3HauMTeNbHO Goraue. M3BecTHO MHOrO mpume-
POB KPHBBIX C BHIWMCIIeHHO#| rpymmoii Aut (C). KoHCTpykipsa KofoB Ha anreGpaudyeckux
KPHBBIX IT03BOJIAET CTPOMTh KOJIbI C 3a7IaHHBIMH CHMMETPHAMH.
BBIMMCITUTEIIbHBIA LIEHTP Toctynuno

Axapemun Hayk CCCP, Mocksa 10 III 1981
JIMTEPATYPA

1. Hamming R.W. — Bell. Syst. Tech. J., 1950, vol. 29, p. 147-160. 2. Segre B. — Atti Accad.
naz. Lincei Mem. Cl. sci fis, mat e natur., 1967, vol. 8, 5, p. 136—236.
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