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Towers of Function Fields

A tower over Fq is an infinite sequence F = (F;)?2, of function fields

Fi/Fq such that
Q F C Fiyq foralli.

=

@ each F;1/F; is finite and separable.
Q g =g(Fi) > c0asi— 0.

Let Fo/F, be a function field and Fo C F1 C ... be a sequence of finite
separable field extensions. We saw in class that if

Q@ Jj>0st g >2; and
@ Vi > 0 there exist p; € Pr, and B; € P, s.t. B | p;i and

i

e(Bi/pi) = [Fiq1: F]>1,

then F = (F;), is a tower over Fy.

4
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Towers of Function Fields

Let F = (F;)°, be a tower over F,. We denote by n; = N(F;) the
number of prime divisors of degree one in F;.

Definition 2
© The splitting rate of F is defined by

A= i = FO]'

@ The genus of F is defined by

_ 8i
WF) = lim R
© The limit of F is defined by
. hj
AF) = lllg;o g

The tower is asymptotically good if A(F) > 0.

v
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Towers of Function Fields

We saw in class that

0 < y(F) < oo,
0 <7(F) < o0,
v(F)

~A(F)

and F is asymptotically good <= v(F) > 0 and v(F) < cc.

< 0

0 < A(F)

Theorem 3 (Drinfeld-Vladut)

Let F be a tower over Fq. Then

AF) < vg-1.
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An optimal tower over I,

Example 4

Consider the tower 71 = (F;)$2, in which Fo = F4(xo) and for each i > 0,

X,'3

F,' :F,' i here 3 =
+1 (X+1) where X, ; X,'2+Xi+1

i.e. the tower over Iy that is recursively defined by the equation

X3

Vi= —— .
X2+ X+1

T1 is an optimal tower over Fy, i.e. it is a tower with

AMT)=g—-1=2-1=1
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Let us first show that 7; is indeed a tower over F,.

o Let po € IPr, be the unique pole of xg in Fg = F4(xp).

Suppose Lo, € Pr, lies above po,. Then

X3
3-v X1) = U x3) = w -0 )
Poo (X1) = v () = v, (x02+x0+1

3
X0

= e(Poo/Poo) * Voo <X§+XO+1

) = ehu/pa)

-1
Since 1 < e(Poo/Poo) < [F1 : Fo] < 3 we conclude that

e(‘)ﬁ?oo/poo) = [F]_ : Fo] =3 and Vgpoo(xl) = -1,

i.e. Poo is totally ramified in F;/Fo and P is the unique prime divisor
lying above it in Fy.
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Moreover, F; = Fo(x1) where x{! = u for n=3 and u = P w1
@ n =3 is coprime to char(F4) =2
e I, contains a primitive 3" root of unity (6 € F4\{0,1}).
o u#w3forall we Fy (as 31 vao(u) = —1).

Therefore F1/Fo is a Kummer extension, so it is Galois and in particular
finite and separable.

Note that since vy (x1) = —1 = voo(xp), We can reiterate this argument
to get that for all / € N, the extension F;11/F; is finite and separable,
and there exist p; € Pr, and B; € Pg,,, s.t. B | p; and

e(Bi/pi) = [Fit1: Fi] =3.

This part of Remark 1 implies that the constant field of each F; is Fy. It
remains to show that gj > 2 for some j > 0. This is indeed the case, as
we will see later.
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Rational prime divisors in 71

As Fo = F4(x0) is a rational function field, the rational (i.e. degree one)
prime divisors in Fy are po, p1, Ps, P15 and poo (wWhere 62 + 5+ 1 = 0).

Each rational prime divisor in F; lies above one of them, so let us explore
the prime divisors above them in F;.

® Poo: We already showed that p is totally ramified in Fy/Fg. Since
Fo and F; have the same constant field Fy, we get that

degPoo = F(Poo/Pc) = 1.

@ p1: The min. poly. of x; over Fyis (YY) = Y3 — 2+X 1 € FolY],
and
3 i 3 2

=(Y-=1)(Y—=0)(Y —(1+0)).

By Kummer theorem, p; splits completely in F1/Fg to 11,916 and
P1,1+4, all of degree 1.
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@ ps: Suppose By € Pr, lies above ps. Since

3
X0 2 _
Vé(Xg_FXO_|_1>:3.V6(XO)_V6(XO+XO+1):O_1__1

we can proceed as in the analysis of p, to get e(Ps/ps) = 3. Hence
ps is also totally ramified in F1/Fg, *Bs is unique, has degree one, and

Vgps(Xl) = —1.

@ p1is5: Suppose P15 € Pr, lies above py45. Since

3
Xp ) B B
Vi+s (Xg-l-xo-l-l) =3 v146(%0) V14609 +x+1) =0-1=—1

this case is also similar.
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@ po: In this case

Y)=Y3 e ———— =
#o(Y) 02+0+1

so we cannot apply Kummer theorem for the element x; € F1. How-
ever, if we consider the element z = * e F1, then 23 = 1 its

x§ +x0+1
minimal polynomial is $(Z) = Z3 — € F[Z] and

2+x°+1
Go(Z2) =23 -1=(Z—-1)(Z-6)(Z - (1+9)).

Hence by Kummer theorem, pg splits completely in F1/Fg to Po ,—1,
PBo,z—s and Po . (1+4), all of degree 1. Clearly, for each B | po,

3
3-vp(xa) = V‘L’(Xf) = e(B/ro) - 1o <X§+X)(<)0+1> =1.3=3

so that l/qg(Xl) =1= Z/Q(Xo).
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Rational prime divisors in F1/Fqy

In summary, we have 3 rational prime divisors in Fq that ramify in F1/Fg:

1
m(oo) mé,oo ipl-&—é,oo
e=3 e=3 e=3

Peo Ps Pit+s

and 2 rational prime divisors in Fy that split completely in Fy/Fg:

Po,z—1 Po,z—s Po,z—(1+6) P11 U PURER

o~ 7

Po

Tomer Manket Algebraic Geometric Codes



Rational prime divisors in F,/F;

We can use similar arguments to analyze the behavior of these prime
divisors in the second floor of the tower, i.e. Fo/F;. For the ramified
places we obtain

2
(Bgo) m&oo,oo (4314»5,00,00

e=3 e=3 e=3

%S)lo) mé,oo ;B1+5,oo

The prime divisors above pg splits completely. For example, for Py ,_1,
denoting w = i—i € Fp, we get

mO,zfl,Wfl sﬁo,zfl,wfé f’BO,Z—LW—(1+6)

/

0,z—1

Tomer Manket Algebraic Geometric Codes



Rational prime divisors in F,/F;

Finally, for the prime divisors above p; in F;, we get that two of them are
totally ramified in Fo/F; while 31 1 splits completely there:

rﬂpl,l,l rﬂpl,l,é m1,1,1+6 fﬂpl,é,oo ;B171+6,oo

~ |

P11 PBi,s RURES

and we can continue in the same manner to the next levels of the tower.

In particular, since each prime divisor lying above pg in F;/Fq splits
completely, we get that ‘
n; = N(F;) > 3. ()
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To conclude, we need to find the genera g;.
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To conclude, we need to find the genera g;.

Since each Fii1/F; is finite and separable (and both have the same
constant field Fy), we get by Hurwitz Genus Formula that

2g,'+1 — 2 = [F,'+1 . F,] - (2g, — 2) —|— deg leF(F,Jrl/F,) (2)

Note that [Fi+1 : F;] = 3 and this extension is Galois, so each
ramification index is either 1 or 3, and above each ramified p € Pg, there
is a unique P € Pr,,, with deg’P = 1. Hence

deg Diff(Fip1/Fi) = > > (e(B/p) —1)degP = 2R,

pePr PEPF,
PP

where R; is the number of p € Pg. which are ramified in F;1/F;. Let us
assume that every such p lies above a rational prime divisor in

Fo = F4(x0) (we will be justify this later). By the previous analysis of the
rational prime divisors in Fy and their extensions in the tower, we obtain

Ri=3+2i
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Substituting in Equation (2), we get

2gi+1 — 2 =[Fis1: Fi] - (287 — 2) + deg Diff(Fi1/F;)
:3'(2g;72)+2R,'

which implies
g+1—1=3-(g—1)+R=3g—-3+3+2i
which gives gj11 = 3g; + 2/ + 1. Since go = 0, we can solve to get
g =3 —i—-1.

Note that in particular g =6 > 2 so it is indeed a tower (this is also
clear as g — 00 as i — o0).
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The limit of T3

Finally, we can see that
A7) = lim 2> lim I A
imoo g imoo 3 —i—1
But by the Drinfeld-Vladut bound,
M) <Va—1=Va-1=1

hence A(71) =1 and this tower is optimal over Fy.
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The limit of T3

Finally, we can see that
AT = lim 2> lim S
imoo g imoo 3 —i—1
But by the Drinfeld-Vladut bound,
M) <Va—1=Va-1=1

hence A(71) =1 and this tower is optimal over Fy.

We are almost done - we still need to show that all the ramification in
the tower occur above rational prime divisors in Fg.
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The ramification locus of 7;

Definition 5
Let F be a tower over F,. The set

Ram(F) = {p € Pg, | p is ramified in F;/Fy for some j > 1}

is called the ramification locus of F.

Suppose that P € Pr, is ramified in Fi11/F;, i.e. there exists ‘i? €Pr,,
s.t. B | P and e(P/P) > 1. Let p € Pr, be the prime divisor below .

Then clearly p € Ram(F), as me>
p
e(R/p) = e(B/P) -e(P/p) > 1.
>1
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Thus, it suffices to show that Ram(77) C ]P’}_—o. Fortunately, we have

Theorem 6

Let F = (F;)2, be a recursive tower over F, defined by the equation
F(Y) = h(X),

with a basic function field F, i.e. F =Fq(x,y) where f(y) = h(x).
Assume that every prime divisor of F4(x) that ramifies in F/Fq(x) is
rational. In particular,

No == {x(p) | p € Py_(x) is ramified in F/F,(x)} CFqU {co}.

Suppose that N C Fg U {oo} satisfies:
Q N CA; and

Q@ ifB €N anda € F,U {cc} satisfy the equation f(3) = h(a), then
a €N

Then, the ramification locus is finite and

Ram(F) C {p € Pk, | xo(p) € A}.
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Let us apply this theorem to the tower 7.

First, the basic function field F = F4(x, y) where y3 = ﬁ is a

Kummer extension of Fg(x) (with n =3 and u = 53 -7). By Kummer
theory, if P € Pr lies above p € Pr,(x), then

n n 3
T ged(nvp(u))  ged(3,1(u))

e(B/p)

X3

Since u = m, we have

3 p="o
vp(u) = ¢ =1 p € {ps,Pris, oot

0 otherwise

Thus, the only prime divisors in Pg,(,) which are ramified in F/F4(x) are
Ps, P1+s and poo, and so

No = {5,1+5,00}
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To conclude, we claim that A := Ag U {1} = {1,,1 + ¢, 00} satisfies the
required conditions.

@ Clearly Ag CA.

@ Let 3 € A and suppose % = 2.

If B =00 then either « =00, or a®? + a+1=0, i.e. a € {§,1 +J}.
In any case, a € A.

3

Otherwise, 3 € F; so that 3% = 1 and hence #{;l = 1. Therefore
3

a3 = a? 4+ a + 1. Since the characteristic is 2, we get
(a+1P=a*+a?+a+1=0

and therefore a =1 € A.
Thus,

Ram(T1) C {p € Pk, | xo(p) € A} = {p1,Ps,P1+5: Poc}-

In fact, by the previous analysis, this holds with equality.
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A simpler calculation

Let us give an immediate proof, using another theorem from class. First,
recall

Definition 7
Let F be a tower over F,. The set

Split(F) = {p € PE, | p splits completely in all extensions F;/Fo}

is called the splitting locus of F.
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A simpler calculation

Let us give an immediate proof, using another theorem from class. First,
recall

Definition 7
Let F be a tower over F,. The set

Split(F) = {p € PE, | p splits completely in all extensions F;/Fo}

is called the splitting locus of F.

In our case, we saw that Split(7;) = {po}-

In fact, we can show that {po} C Split(71) using an analogue theorem for
the splitting locus.
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The splitting locus

Theorem 8

Let F = (F;)2, be a recursive tower over F, defined by the equation
f(Y) = h(X),
and let F be the basic function field of the tower. Assume that there
exists ) # X C Fq U {o0} s.t. forall « € X:
Q p._o splits completely in F; and
Q@ for all P € Pr s.t. P | px—q, it holds that y(P) € X.
Then,

{Pro—a | @ € T} C Split(F).

In our case, we can apply this theorem with ¥ = {0}. The same
arguments used for Fy/Fg shows that p,_o splits completely in F, and for
every P € Pr s.t. P | px_o it holds that vp(y) =1, hence y(P) =0€ X
as desired.
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To conclude, recall

Definition 9

A tower F = (F;)$2, over Iy is called tame if all ramification indices
e(B/p) (where p € Pr, and P € Pr,) are coprime to charF,.

Theorem 10
Let F = (Fj)2, be a tame tower over Fq with Fo = Fq(x0) and

s = |Split(F)| and r= Z degp.
pERam(F)
Then

2s
> .
AF) = r—2

Since the tower 77 is a tame tower over F4 with s > 1 (in fact s = 1)
and r = |Ram(771)| = 4, we obtain
2s 2-1

=—=1
r—2 4-2

NT1) >
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Transformation of Variables

So far we considered the recursive tower 77 over Fy defined by the

equation
yio X
X2+ X+1
Consider the variable transformation z; := Xl Clearly F; = Fi_1(z) and
1 X2+ x+1 1 1 1
3 _ — i ! J— _ _
Ziv1 = x,.3Jrl XI.3 X + x,.2 + x,.3
=zi+2+z22=(z+1)>-1.
Thus, 77 is recursively defined (with Fo = F4(20) and F; = F;_1(z;)) by

the nicer equation
Yi=(X+1)P° -1

In fact, this is a particular case of a more general result.
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An asymptotically good tower over non-prime fields

Let ¢ be a prime power and let g = ¢", where 2 < r € N. Let

q_l r—1
=——=1+4+4+...+0"".
m Y FL oo

Then the equation
Y"=(X+1)"-1

defines a recursive tower T over Fq with

2
)\(T) > m > 0.

The tower 77 over [Fy is obtained by taking £ = r = 2.
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