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Definition 1

Let F/L be an extension of E/K with F/E finite and separable. Let p be
a prime divisor of E/K with valuation ring O, and integral closure Oy, in
F. Let

Cy, = 1,0,

be the complementary module over O,,.

We define the different exponent of 3/p by
d(B/p) = —vp(ty).
The different of F/E if defined by

Diff(F/E) = > > d(F/p)P.

p€EP(E) B/p
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Diff(F/E) = > _ > d(P/p)%.

pEP(E) B /p
where d(B/p) = —vp(ty) and Cp = £, 0.
Some remarks are in order:

@ As proved, uyp(t,) does not depend on the choice of t, when writing
Cp = t,0,. Thus, d(B/p) is well-defined.

@ We further proved that d(3/p) = 0 for almost all B/p and so
Diff(F/E) is a divisor.
e ugp(ty) <0 and so d(P/p) > 0. Thus, Diff(F/E) > 0.
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For all z € F,

zeC, <= VP/p vp(z) > —d(PB/p).

zeC <+ —eO’ () Ox
B/p

— YB/p ’U{p( >>0
=  VB/p vp(z) > vp(ty) = —d(B/p).
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Lemma 3

Assume F/E is separable. Let p € P(E) and B = P1,..., B, € P(F) be
the prime divisors of F lying over p. Let

m: Op — Fyp
be the corresponding projective map (that can be extended to a place)
which extends the projection map 7 : O, — E,.
Let Foz s be the separable closure of E, in Fe.
Lety € Oy be s.t.
Q vy, (y)>0forj=2,...,r; and
Q 7(y) € Fyp.s.

Then,
™ (Tree(y)) = e(B/p) - Trey, e, (7(y))-
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Proof.
Recall that, had F/E were Galois, the ramification index would have been
given by
[F: E]
e(B/p) = == - 1B/p)l.
B/ = gy MR/

However, we are not guaranteed that F/E is Galois (we only assumed
F/E is separable).

To overcome this, let F be the Galois closure of F/E. Let ‘i} be a prime
divisor over 3. We extend the projection map 7 to 7 : (953 — Fqg

We have that

Trese(y) = Zai(}’)

where 01,...,0,: F — F are the distinct E-embeddings of F into F.
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Proof.

We extend each o : F — F to an automorphism of F. Typically we will
have a freedom which automorphism to pick. We will choose an
automorphism arbitrarily but for the following rule: If there is an
extension in D(P/p) we will pick it.

We denote the extension of o; by ;, and assume that o7 = idr and that
g1 = idg (which is consistent with the rule above).

e
v & & Gl (F/E)
NN/ Y4
o T - E—aoa\oe&&ﬂds

og v 'méo E
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Recall that the decomposition group of &f? is given by

D(B/p) = {0 € Gal(F/E) | o' = P},

and the epimorphism

W : D(B/p) = Aut(Fg/Ey)

o0

where Vx € F 5(nx) = m(ox).

A N
X ¢ U:' v F
qc[ i%
AN
q(mc Sl ’P
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A N
X F v F
%{ lw
A _ A
W(ne%_” ”"7%

Note further that Aut(ﬁﬁ/Ep) = Gal(ﬁﬁ’s/Ep) as the extension Eﬁ/EA7S

is purely inseparable and so every automorphism of ﬁﬁ ./Ep can be

uniquely extended to an automorphism of ?@/Ep.

Of course, in our case, the restriction of &; to legﬁ’s is an Ey-embedding.
Thus, for every &; € D(B/p) we have that ; is an embedding over E, of
Fg s into IA:q} In particular,

{Gi(x(v)) | 8 € D(B/p)}  {a(n(y)) | E, embedding o : Fys s — Fi}.
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A - N
W(%)e‘-@-*"*v{"” y /
/;' F‘;S
' PR ’
\:{;,S - EP
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Proof.
We turn to prove the other direction, namely,

{Si(n(y)) | 6; € D(B/p)} 2 {aln(y)) | E embedding o : Fyps = Fip ).

Indeed, take o : Fy s — IA:@ an embedding over E,, and extend it to an
automorphism & of Ffi} over E, (this is an automorphism as Fgﬁ is
normal).

Recall that the map 1 : D(R/p) — Aut(lh:gﬁ/Ep) is onto. Thus, there
exists 6 € D(B/p) < Aut(F/E) such that & = ¢(6) = &.

Had 6 = &} for some i we would have been done. However, it is not

necessarily the case that & is one of the extensions of o; as there is
freedom in how to choose an extension &; of o;.
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e
S “T;’C@\q)
& ¢“ e o Gl (F/E)
AVERN \Y4
o T o h= —QMLQAA'WJS

o( v 'méo /(—:

Nonetheless, we will show how to tweak & so to get the result. Indeed,

n(8y) = 6(n(y)) = &(n(y))-

Now, per our assumption, m(y) € Fy s. As & extends a from Fy 5 to IA:q},
we have that

m(6y) = a(m(y)).
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Proof.
Now, & restricted to F is some o;, namely,

Glr =oilg  and so (6_10',')||:=id|:.

Thus, 6~ 0; = 7 € Aut(F/F). Namely, & = oi7.

Since & € D(B/p) extends o; it is also the case that &; € D(P/p) as by
our rule, if there is an extension of ¢; in D(3/p) then we pick such
extension.

As 7|r = idg we have that

m(ai(y)) = m(0i(ry)) = 7((0iT)y) = 7(6(y)) = 3(n(y)) = a(n(y))-
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Proof.

Consider now the case that 608 # B or, equivalently, &; ' # B. Let
B’ be the prime divisor of F that is under ;7 *93. We claim that 3’ # .

Otherwise, there exists 7 € Aut(F/F) such that
=9 andso & e D(R/P) < D(R/p).

But 7| = id¢ and so 87| = &iF.

This stands in contradiction to our assumption 6;‘13 = ‘JA3 Indeed, by our
rule and under this assumption, when choosing &; as the extension of o;
there was no choice of an extension in D(33/p).

Since P’ # P we have, per our assumption, that vg(y) > 0 and so
Vg, —1(y) >0, and so

vg(oiy) =vs-1p(y) >0 = Giy € Oy and 7(diy) = 0.
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Denote D = D(B/p) and
A={a:Fps— E&ﬁ | « thatis an E,-embedding}.

Recall that for i such that &; & D we have that 7(6;(y)) = 0, and so

m(Trese(y)) = ZW(Ui(Y)) = ZW(OA"(Y))
= Y 60D = X Glrt)
=>"[{i |61 € D,Gi = a}| - afn(y)).
a€A
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Proof.
To summarize,

n(Tre/e(v) = D Hil 61 € D, 61 = a}| - alx(y)).

aEA
but o
[{i| 6i € D,6; = a}| = e(P/p),
and so
m(Tree(y)) = e(B/p) - Z a(m(y)) = e(B/p) - Treg /e, (7(¥))-

a€cA
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Theorem 4 (Dedekind Different Theorem)
Let F/L be a finite separable extension of E/K. Let p € P(E) and
B € P(F) lying over p. Then,

© d(B/p) = e(B/p) — 1; and

Q d(B/p) =e(P/p) -1 <=  charKfe(P/p).

Corollary 5

With the above notations,

dB/p)=0 <= e(P/p)=1
In particular, for almost all p,3/p we have that e(*/p) = 1.

The proof of the corollary is straightforward.
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Proof.
Let P =*Pi,..., B, be all prime divisors lying over p. By the WAT
Jz € F s.it.

vie[n] vy (z)=1-e(Bi/p)-

To prove the first item, it suffices to show that

i=1
Indeed, if this is the case then
1 —e(Bi/p) = vy (2) = vy, (tp) = —d(Bi/p).
In particular, d(B/p) > e(B/p) — 1.
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Proof.

Let F be the Galois closure of F/E and L be the algebraic closure of K in
F.

Denote n = [F : E] and let o1, ..., 0, be the E-embeddings of F in F. n
such embeddings exist since F/E is separable and since F is the Galois
closure of F/E. We extend each o; to an automorphism of F over E.

P

Normal
‘p?:/ét { ‘
sepacobe @
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Proof.

Choose ‘}A’S over B and consider the prime divisor afl‘fl As

o' € Gal(F/E), o; ™ lies over p. Let B; € P(F) be the prime divisor of
F between p and o; "P.

T
xR
<\
)

N

B e
\/
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Take x € Oy, and note that 0;(x) € Oy,. Thus, v(ﬁ(a,-(x)) > 0. Now,

S

U@(O’,’(ZX))

Il
S o
2 B
—~ —~
S

+ vg(oi(x))

N
—_ — —

)
2

— ~ o~~~
N

v
<

S
S |
&

As z € F we have that
Uafl‘ﬁ(z) = 6(071‘3\3/‘130“%(2)
= (o7 "P/Bi)(1 — e(Pi/p))
> —e(a,‘lﬁﬁ/‘n;) - e(Bi/p)
= —e(0; ' B/p) = —e(F/p)-
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So far we have that

Vi vg(oi(zx)) > —e(B/p).
So,

e(B/p)vp(Tre/e(2x)) = vg (Tre/e(2x))

=vg (Z a;(zx))

i=1
> ml_in Vg (0i(zx))

> —e(B/p).

Therefore, v, (Tre/e(2x)) > —1 or, equivalently, v,(Trg/e(2x)) > 0 and
so Trg/e(2x) € Oy. Thus, by the definition of the complementary
module, z € C,.
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Proof.
We turn to prove the second item. Assume first that

charK { e(B/p) = e.

Since the first item implies that d(3/p) > e — 1 and we wish to show
equality, it suffices to prove that d(P/p) < e.

As before let 3 = Py, ..., B, be all the distinct prime divisors of F lying
over p. Denote e; = e(Pi/p).

Take t, € Fst. Cy = t,0,,. Then,

v, (tp) = —d(Bi/p).
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Jy € Oy st
Q vp(y) =0;
Q vy, (y) > max(1, e + vy, (ty)) for i =2,...,r; and
Q up(Tre/e(y)) =0.

Proof.
Let Fos s be the separable closure of E, in Fgs. As Fos 5/E,, is separable,

o €Fps st Treg e, (Y0) # 0.

As ¥ € Fqg, dyo € Oqg s.t. 7T(y0) = Y-
By WAT, 3y € F s.t. up(y — yo0) > 0 and for which Item 2 holds, namely,

v, (y) > max (1, e + vy, (t,)) i=2,...,r.
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Proof.
We turn to show that ltem 1 holds. Indeed,

vp(y) = vy — Yo + yo)-

Since vyp(y — yo0) > 0, showing that vg(y) = 0 would follow if
v (%) = 0.
To see that this is the case, if vg(yo) > 0 then

Yo =m(y0) =0,

and so
Trey./E, (J0) =0,

in contradiction to our choice of jp.
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Proof.
To conclude the proof, we prove Item 3, namely that

vp(Tre/e(y)) = 0.

To this end we wish to apply Lemma 3 and so we first make sure the
hypothesis of the lemma are satisfied.

Hypothesis 1 of Lemma 3 follows by Item 2.
Hypothesis 2 (7(y) € Fgp,s) follows since vy (y — yo) > 0 and so
7(y) = m(y0) = %o € Fyps.

The only thing left to show is that y € O} which follows since y € O,
for all i.

Gil Cohen The Different



Dedekind Different Theorem

Proof.
Applying Lemma 3 we conclude that

™ (TVF/E(Y)) =é€: TFF%S/EP (m(y)),
where note that the equation is over K.
Now, 7(y) = 7(y0) = ¥ and so

Treg o/, (m(y)) = Treg /e, (0) # 0.

As we assume charK { e, we have that e # 0 in K and so, overall,

7 (Trese(y)) # 0.

Hence,
vp(Tre/e(y)) =0,
proving Claim 6. O
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Proof.

Going back to the proof of Theorem 4, take x € E s.t. vy(x) = —1 (and
so vy, (x) = —ej).

Since we found in Claim 6 y € F s.t.

0 vp(y) =0;
@ vy, (y) > max (1, e + vy, (tp)) for i =2,...,r; and
o Up(TfF/E(Y)) =0,

we get that

Q vp(xy) = vp(x) +vgp(y) = —&
Q@ Fori=2,...r,

v, (xy) > max (1, & + vy, (tp)) — & > vy, (tp) = —d(Bi/p);

Q vp(Tre/e(xy)) = vp(xTre/e(y)) = vp(x) + vp(Tre/e(y)) = —1.
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Denote y’ = xy. Then,
Q vp(y') = -
Q vy, (y') > v (ty) = —d(Bi/p) for i =2,...,r; and
Q up(Tre/e(y’)) = 1.

By (3), ¥’ € Cy (as 1 € Oy, and for y’ to be in C, we must have
Trese(zy’) € O, for all z € Oy,.) Recall that

y eCo=t,0, <<= g (y)>—-d(Bi/p) fori=12,...,r.
By (2) we therefore must have
up(y') < —d(/p).
(1) then implies that e > d(3/p) which concludes the proof for

charKte = d(B/p)=e(PB/p)-1.
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To complete the proof we need to show that

charK|e = d(B/p) > e(B/p).

To prove this we prove the following claim.

Claim 7

Jy € O, s.t. Vz € Oy, the following holds:

Q up(y)=0;

Q vp(yz) =2 0;

@ vy, (yz) >0fori=2,...,r; and
o

vp(Tre/e(yz)) > 0.
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dyeO, VzeO,
Q vp(y)=0;
Q uyp(yz) = 0;
@ vy, (yz) >0fori=2,...,r; and
Q vy(Tre/e(yz)) > 0.

Proof.
By WAT, dy € F s.t.

vp(y) =0 and wgp,(y) >0 for /> 1.

In particular, y € O; and items 1,2, and 3 hold.

As for Item 4, denote
q= [Fsp . Fsp’s].
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By Lemma 3 applied to y’ = (yz)9 whose hypothesis holds, in particular,

m(y') = 7((y2)7) = (7(y2))? € Fyp s,

we have that

m(Tre/e((y2)?)) = e Trey, /e, (7((v2))) = 0,
where the last equality holds since e = 0 in Fg.

Thus,
vp((Tre/e(y2))?) = vp(Tre/e((y2)?)) > 0,
and so
vp(Tre/e(yz)) > 0.

Item 4 then follows, proving Claim 7.
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Jy € O, VZEO’

0 up(y) =

Q up(yz) >
9vfpi(yz)>0fori:2,...,r;and
o

vp(TrF/E(yz)) > 0.

Going back to the proof of Theorem 4, by multiplying y by x € E with
vp(x) = —1 we get that for y’ = xy and Vz € Oy, it holds that

Q vp(y) =6

Q vp(y'z) = —e

Q vy, (y'z) > —eifori=2,...,r; and
Q vp(Tre/e(y'z)) > 0.
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Proof.

For y’ = xy and Vz € O, it holds that
Q vp(y) = —e
Q vp(y'z) > —e
Q vy, (y'z) > —efori=2,...,r; and
Q vp(Tre/e(y'z)) > 0.

By Item 4, y’ € C, and so

vp(y') = —d(B/p).

The proof then follows by Item 1. O
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