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Kummer's Theorem

Throughout this unit we consider finite separable extensions F/L of E/K.

The goal in this unit is to find all prime divisors in P(F) lying over a given
p € P(E).
To this end, we will take y € O} s.t. F = E(y).

Recall that the minimal polynomial

o(T)=> T €E[T]
of such y over E is in fact in O,[T].

In what follows, we denote by @(T) € E,[T] the projection of ©(T) to
E,[T] (where, recall, E, = O, /m,), namely,

@(T) = Z(Ci+mp)Ti = Zci(p)Ti _ ZC_",T’
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Theorem 1 (Kummer's Theorem )

Let F/L be a finite separable extension of E/K, and let y € F be s.t.
F=E(y). Letp € P(E) bes.t. y € O,.

Let o(T) € Op[T] be the minimal polynomial of y over E. Factor
r
B(T) =[] (T)" € Bl T]
i=1

where ~;(T) € E,[T] are irreducible and distinct (and €; > 1).
Let pi(T) € Opy[T] be s.t. $i(T)=~i(T) and deg ¢; = deg ;.
Then, 3P4, ..., B, € P(F) lying over p s.t.

Q Vie[r] vily) € my, (equivalently, (vi(y))(Bi) =0).

Q 1(%i/p) = degi(T).

© The prime divisors 1, ..., B, are distinct.
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In the proof we make use of the following simple claim.

Claim 2

Let R, S, T rings. In the notation of the diagram below, assuming p is
onto and that

kerp Cherr (= p(n)=p(n) = n(n) =(r)).

Then, there exists a unique homomorphism ¢ : S — T s.t the diagram
commutes.
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Proof. (Proof of Theorem 1)

Denote

Ei = E[T]/(v(T))-
As 7;(T) is irreducible over E, we have that E; is a field extension of E,
of degree [E; : E,] = deg~;.

Denote n = [F : E] = [E(y) : E] and consider the ring homomorphisms in
the diagram, where

n—1
Oply] = Z Opy'.
i=0

QM — =Gl
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Observe that

ker p = p(T)O,[T] = (¢(T)).
Moreover,
mi(¢(T)) = ¢(T) mod ~;(T) = 0.

Thus,
ker p C ker 7;,

and so by Claim 2 there exists a unique homomorphism o; for which the
diagram below commutes.
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o; takes the explicit form

n—1 n—1
o Zijj ZZEJ’Tj mod ;(T).
=5 =

7; is onto and thus so is o;. We claim that

ker o; = mp O, [y] + ©i(y)Oply]-

The inclusion D is trivial. We turn to show the other direction.
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Proof.
Take .75 Gy’ € kero;. Then, (recall (T) = &;(T))
n_l . -_
GT' = @i(Th(T)
j=0

for some ¢(T) € Oy[T]. Thus,

ST — o TYUAT) € my - O[T
=0
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Recall
ZCJTJ —@i(T)Y(T) € my - Op[T],
and so
ZCJ}’ —@i(y)¥(y) € mp - Oply].
Hence,

ZCJY € 9i(y) - Oply] + my - Oply],

as desired. Namely,

ker o; = mpOp[y] + ©i(y)Oply]-
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For the proof of Theorem 1, we recall the following lemma.

Let F/K be a function field and let R be a subring of F with K C R C F.
Suppose that {0} #1 C R is a proper ideal of R. Then,

dpeP(F) st ICm, and RCO,.

Proof. (Proof of Theorem 1 continued)

Going back to the proof, by Lemma 3,
IP; € P(F) st.  keroj Cmy, and Oyly] C Og,.

Hence, PB; lies over p and ¢;(y) € my;.

This establishes Item 1.
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IP; € P(F) st.  keroj Cmy, and Oyly] C Og,.
To prove Item 2, namely, f(;/p) > deg~i(T), observe that

E; = Op[y]/kem,- — Om;/mrp,- = Fy,

and so
f(Bi/p) = [Fy, : Ey] > [Ei : Ey] = degi(T).
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Proof.
To conclude the proof, we show that the J3;-s are distinct.

For i # j, vi(T) = @i(T) and ~;(T) = &;(T) are relatively prime in
Eo[T]. Thus, IXi(T),\i(T) € Op[T] s.t.

1=@i(T)X(T) + @ (TIN(T).

Thus,
ei(Y)Aily) + @i(y)Ai(y) =1 € my - Oply].
Recall that
ker o; = mp Oy [y] + ©i(y)Oplyl,
and so
1 € kero; + kero; C mgyp, + my,,
which implies that B; # PB;. O
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F/L a finite separable extension of E/K, F = E(y), and p s.t. y € O},
©(T) € Op[T] is the minimal polynomial of y over E. Factor

A7) = T[Ty € EalT)

where v;(T) € E,[T] are irreducible and distinct (and ¢; > 1).
Let i(T) € Op[T] be s.t. Gi(T) =~i(T) and deg p; = deg ;.

Theorem 4 (Kummer's Theorem II)

Under the hypothesis of Theorem 1, if in additione; =---=¢, =1
then,
© The prime divisors P, ..., B, are all the prime divisors in F lying
over p;

Q@ Vie[r] e(Bi/p)=1; and
Q Viel[r] f(Bi/p)=degi(T).
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By the additional hypothesis,

.
a(T) = TT(7)
i=1
Thus,
r
[F:E] =degop = Zdeggo,-.
i=1

By ltem 2 of Theorem 1, f(*B;/p) > deg; and so

FE1< O F(Ri/p) < X e(R/DIACR/p) = [F - L

B/p

where we used the fundamental equality. The proof then follows. O
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F/L a finite separable extension of E/K, F = E(y), and p s.t. y € O}.
©(T) € Op[T] is the minimal polynomial of y over E. Factor

A1) = [[(T)" € EolT)

where v;(T) € E,[T] are irreducible and distinct (and ¢; > 1).
Let i(T) € Op[T] bes.t. gi(T) =~i(T) and deg; = deg~;.

Theorem 5 (Kummer's Theorem I11)

Under the hypothesis of Theorem 1, if in addition 1,y,y?,...,y" isa
local integral basis for p, where n = [F : E], then
@ The prime divisors B1, . .., P, are all prime divisors in F lying over p;

Q@ Vie|[r] e(Bi/p) =c¢i; and
Q Vie[r] f(Pi/p)=degvi(T).
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We start with Item (1). We have that

@(T)=l_1jl¢,-(r)8f in BT = (O /m,) [T
Therefore, :

=0 =H¢;(y)8f in vl = (O /m, ) 1,

and so

0=op(y) ZH@i(Y)Ei mod m, Op[y].
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So far

0= H spi(y)ai mod mpOp [_y]
i=1

Fix B/p. Since y € O}, C Osp, we have that
my Oply] € mpOgp € my,

and so

.
[Tei() " €my.

i=1

my is a prime (in fact, maximal) ideal of Oy and so 3i € [r] s.t.
vi(y) € mgp. Thus,

©i(y)Oply] € mg N Oplyl.
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i(y)Oplyl € mp N Oyly].
As y € O; C Og one also has that

myOply] € mpO, € m O € my,

and so

To summarize,

myp Oy [y] + ¢i(y)Oply] € myp N Oyly].
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mp Oy [y] + ¢i(y)Oply] € myp N Oyly].

In the proof of Theorem 1 we showed that the LHS is ker o; where the
image of o; is the field E;. Thus, the LHS is a maximal ideal of O,[y].

The RHS is clearly a non-trivial ideal of O,[y] and so we have

m,Oply] + @i(y)Oply] = mg N Oply]. (1)
QM ———GlY]
iﬂ’°=/‘#(/\ Evv
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m, Oy y] + i(y)Oply] = mp N Oyy].

However, as ;(y) € mgp, (Theorem 1, Item (1)) we also have, by the
same reasoning, that

mpOply] + ©i(y)Oply] = mys, N Op[y].

Thus,
mey N Op [y] =mgy, N Op [y]

Now, per our hypothesis O,[y] = Oy, we have that
myp N O, =mg, NO,,.

As we now explain, unless 3 = 3; this contradicts the WAT. This will
establish Item 1.
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Proof.
For B # Pi, myp N O), = myp, N O, contradicts the WAT.

To see this, for simplicity, say p has three prime divisors lying above it
B1, P2, Ps. Then,
M, (1 Ogla = my, N (O, N O, N Os;)
= (m‘ﬁl N 0‘131) n (0‘132 N 0‘133)
= mgp, N (O, N Og,).
Similarly,
Mgz, N O;J =mg, N (0‘131 n 0‘133) )

and so
ma, N (O‘ﬁz N O‘ﬁs) = my, N (0‘131 N 0‘133) .
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mgp, N (Op, N Op,) = mg, N (Ogp, N Og,) .
In particular, we have that
mg, N (Op, N Op,) C mys,.
Thus,
vp, (x) >0 & vp,(x) >0 & vy, (x) >0 = wvp,(x)>0.
This contradicts the WAT that guarantees the existence of an element x
with

vg, (x) >0 & wvp,(x) =0 & vy,(x) =0.

This proves Item 1.
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We turn to prove Items 2,3, namely,
Viel[r] e(Bi/p)=eiand f(Pi/p) = degi(T).

Item 1, and our hypothesis imply

Oply] = 0, =) O,
i=1

Using the WAT we can find elements ty,...,t, € F s.t.

Let t € E be s.t. vy(t) = 1.
In the proof of Item 1 (Equation (1)) we proved that
mypOp[y] + #i(y)Oply] = ma, N Op[y].
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mpOp[y] + ¢i(y)Oply] = mgp, N Oyly].

and so, as m, = tOy,

ti € my, N Oply] = tOpy] + 0i(y)Oplyl-
Thus, we can write
ti = pi(y)ai(y) + thi(y) ai(y), bi(y) € Oply]-

Thus,
Htf"—a Hgo, )5 4t b(y)
for some a(y), b(y) € Oyly]. Eg.,

tito = (p1a1 + thy)(p2an + thy)
= a1a - P12 + t- (p1a1br + biprar + thiby).
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So far . .
[1t =20) ] eitv)® + ¢t bly)
i=1

=il

for some a(y), b(y) € Oply]. Now, as tO, = m,,
_]L[w(y)af =¢(y)  modt-Oplyl.
Moreover ¢(y) = 0, and so
e -
for some c(y) € O,[y].
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So far,
f[ff’ =t cly) cy) €Oplyl.
Thus, -
g = vy, (ﬁ ff’) = v, (1) + v (c(y)) = v, (1),

i=1

where the last inequality follows as c(y) € Oy[y] = O = N;Oxp,.

But
vy, (t) = e(Bi/p) - vp(t) = e(Bi/p),

and so we conclude that

ei > e(Bi/p)-
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Proof.
Taking a detour, recall that in the proof of Theorem 1, to prove ltem 2
we noted that

Ep[T]/W,-(T)) = Op[}’]/kero,- — O‘Bx/mqgi = Fy,,

and so
f(Bi/p) = [Fyp, : Ep] = [E; : Ep] = degi(T).
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Returning to our proof, to recap, we showed that

ker g; = mpOply] + @i(y)Oply] = mg, N Oy [yl

and we claim that this implies

f(%i/p) = degi(T)

establishing ltem 3.
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We have that ker o; = mg; N Oy[y], and we wish to prove

f(Bi/p) = degi(T).

Recall the second isomorphism theorem for commutative rings which

states that
(S+4)/425/(sn)

for S a subring of R and J an ideal of R.

In our case (R = Ogy,),

(Oply] + m3:) /s, = Oply] / (mgy, 1 O y])
= Op[}’]/kera,-
=FE;
= Ep[T]/ ((T))-
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Proof.

We wish to prove

f(i/p) = degi(T).

So far we proved that
(Oply] +ms) /gy, = E[T] [ (3(T)).
The proof will follow by showing that

Oply] + myp, = O,
Indeed, recall that Oqs,-/mmi = Fyp, and that

f(Bi/p) = [Fop; : Epl,
degi(T) = [Ep[T]/(3i(T)) : Eyl.
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We turn to prove that

Oply] + myp, = Og,.

The C direction is trivial, so take z € Og,. Per our assumption,

Oyly] = 0, = (] Ogs;.

j=1
By the WAT, we can find y € F s.t.

U‘B;(y - Z) > 07

v (Y) =0 Vi #i

Thus, z=(z —y) +y with z— y € mg, and y € O},
This establishes Item 3.

Gil Cohen Kummer’s Theorem



Kummer's Theorem IlI

Proof.

Going back to Item 2, using the fundamental equality and what we
proved, namely,

e(Bi/p) <e &  f(Bi/p) =degi(T)

we get that

[F: Bl =3 e(i/p)f(¥i/p) < Ze, degvi(T
=degy(T) = [F:E].

Thus, ; = e(P;/p) for all i € [r], completing the proof.
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