
Spectral Graph Theory Winter 2020

Problem Set 1
Publish Date: October 27, 2020 Due Date: November 10, 2020

Exercise 1.1 Let G = {[n], E} be a graph and let σ ∈ Sn be a permutation. Define σ(G) = {[n], σ(E)}
where (σ(i), σ(j)) ∈ σ(E) ⇐⇒ (i, j) ∈ E. Prove or disprove the following statements:

(a) Spec(LG) = Spec(Lσ(G)).

(b) v is an eigenvector of LG iff v is an eigenvector of Lσ(G).

Exercise 1.2 Let G1, G2 be two graphs on n and m vertices respectively. Prove that LG1×G2
= LG1

⊗
Im + In ⊗ LG2 where ⊗ is the Kronecker product of the matrices and × is the graph product defined in
class. Denote by {λ1, . . . , λn}, {µ, . . . , µm} the eigenvalues of LG1 , LG2 respectively. Prove that the set
{λi + µj | i ∈ [n], j ∈ [m]} is the set of eigenvalues of LG1×G2

.

Exercise 1.3 Let G be a graph containing two disjoint cliques on n vertices with a single perfect matching
between them. Compute the eigenvalues of LG and provide an orthogonal basis of eigenvectors. For example:

Exercise 1.4 Let G = ([n], E) be a d−regular graph. Prove that the second smallest eigenvalue of LG,
satisfies λ2 ≤ n

n−1d. Prove that this bound is tight, that is, for every n there is a d-regular G = ([n], E) such
that λ2 = n

n−1d.

Exercise 1.5 Let {v1, . . . , vr} ⊂ Rn be vectors such that ‖vi‖2 = 1 for every i ∈ [r].

(a) Prove that if < vi, vj >= 0 for every i 6= j then dim({v1, . . . , vr}) = r.

(b) Let A be a symetric matrics with eigenvalues λ1, . . . , λt prove that Tr(A2) =
∑t
i=0 λ

2
i .

(c) Prove that if |< vi, vj >|≤ ε for every i 6= j then dim({v1, . . . , vr}) ≥ r
1+(r−1)ε2 . Hint: use item (b)

(on a suitable matrix) and Cauchy-Schwartz inequality.

Exercise 1.6 Recall that we proved in class that P tLR2n
P = 2LPn

. Where,

P =



1
. . .

1
1

. .
.

1


∈M(R)2n×n,

and that if v = Pu is a eigenvector of LR2n
satisfying LR2n

v = λv then LPn
u = λu.

(a) Prove that for every λ ∈ Spec(LR2n
) of multiplicity 2 there is a corresponding eigenvector vλ ∈ Im(P ).

(b) Compute Spec(LPn) and provide a basis of eigenvectors.
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