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Technical lemma

Assume F/E is separable. Let p € P(E) and P =P1,..., B, € P(F) be
the prime divisors of F lying over p. Let m : Op — Fys be the
corresponding projective map (that can be extended to a place) which
extends the projection map w: Op — Ej.
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Technical lemma

Assume F/E is separable. Let p € P(E) and P =P1,..., B, € P(F) be
the prime divisors of F lying over p. Let m : Op — Fys be the
corresponding projective map (that can be extended to a place) which
extends the projection map w: Op — Ej.

Let Fyp s be the separable closure of E, in Fy.

Lety € Oy be s.t.

Q wp,(y)>0forj=2,...,r; and
(2] 7T(}/) € Fs137s.
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Technical lemma

Assume F/E is separable. Let p € P(E) and P =P1,..., B, € P(F) be
the prime divisors of F lying over p. Let m : Op — Fys be the
corresponding projective map (that can be extended to a place) which
extends the projection map w: Op — Ej.

Let Fyp s be the separable closure of E, in Fy.

Lety € Oy be s.t.

Q wp,(y)>0forj=2,...,r; and
Q 7(y) € Fys.
Then,

™ (Tre/e(y)) = e(B/p) - Trry /g, (7(y)-
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Technical lemma

Assume F /E is Galois. Function field over a perfect field.

.
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Technical lemma

Assume F /E is Galois. Function field over a perfect field. Let p € P(E)
and P =Pi,...,B, € P(F) be the prime divisors of F lying over p. Let
7 : Op — Fyp be the corresponding projective map (that can be extended
to a place) which extends the projection map 7 : O, — E,.

.
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Assume F /E is Galois. Function field over a perfect field. Let p € P(E)
and P =Pi,...,B, € P(F) be the prime divisors of F lying over p. Let
7 : Op — Fyp be the corresponding projective map (that can be extended
to a place) which extends the projection map 7 : Op — E,. Lety € O,
be s.t.
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Technical lemma

Assume F /E is Galois. Function field over a perfect field. Let p € P(E)
and P =Pi,...,B, € P(F) be the prime divisors of F lying over p. Let
7 : Op — Fyp be the corresponding projective map (that can be extended
to a place) which extends the projection map 7 : Op — E,. Lety € O,
be s.t.

Q wp,(y)>0forj=2,...,r; and
Then,

m (Trese(y)) = e(B/p) - Trey /e, (w(y))-

.
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Proof of Lemma 2

Proof Recall then Trr/e(y) = >, cc o(y)
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Proof of Lemma 2

Proof Recall then Tre/e(y) = > cco(y).
Let o € Gal(F/E) s.t 0B # B or, equivalently, ' := o~ 1 # P.
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Let o € Gal(F/E) s.t 0B # B or, equivalently, ' := o~ 1 # P.
Since B’ # P we have, per our assumption, that
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Proof of Lemma 2

Proof Recall then Tre/e(y) = > cco(y).

Let o € Gal(F/E) s.t 0B # B or, equivalently, ' := o~ 1 # P.
Since B’ # P we have, per our assumption, that
v/ (y) > 0 and 50 v,,—15(y) > 0, and so

vp(oy) = vo15(y) >0 = oy € Op and 7(oy) =0.
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Proof of Lemma 2

Proof Recall then Tre/e(y) = > cco(y).

Let o € Gal(F/E) s.t 0B # B or, equivalently, ' := o~ 1 # P.
Since B’ # P we have, per our assumption, that
v/ (y) > 0 and 50 v,,—15(y) > 0, and so

vp(oy) = vo15(y) >0 = oy € Op and 7(oy) =0.

n

w(Trese(y) = >_m(oi(y)) = Y (oi(y))

i=1 o €D

= > HiloieD,oi=a}| alx(y)).

acAut(Fyp /Ep)
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Proof of Lemma 2

Proof Recall
[{i|oi € D,o; = a}| = I(B/p).
And
- [F . E],
(B/p) = (g1 IOR/r).
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Proof of Lemma 2

Proof Recall

And

Which implies

m(Tre/e(y)) = e(B/p)

{iloi € D,oi = a}| = I(B/p)-

- [FE],

e(B/p) = m

I(B/p)-

>

acAut(Fy /Ep)

a(m(y)) = e(B/p) Trey /e, (7(y))

Shir Peleg
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Proof of Lemma 1 - Key ldeas

Proof sketch]
Consider F the Galois closure of F.
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Proof of Lemma 1 - Key ldeas

Proof sketch]
Consider F the Galois closure of F.

Tree(y) = >, oly)= > &(y)-

E—embeddings &€Gal(F /E)|diffrent on F
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Proof of Lemma 1 - Key ldeas

Proof sketch]
Consider F the Galois closure of F.

Tree(y) = >, oly)= > &(y)-

E—embeddings &€Gal(F /E)|diffrent on F

o We want to be smart when we choose §. We set some B/P and if
possible we take 6 € D(B/p).
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Proof of Lemma 1 - Key ldeas

Proof sketch]
Consider F the Galois closure of F.

Tree(y) = >, oly)= > &(y)-

E—embeddings &€Gal(F /E)|diffrent on F

o We want to be smart when we choose §. We set some B/P and if
possible we take 6 € D(3/p). Then we note that 7(6(y)) = a(n(y))
for some o € E, embedding of Fy 5.
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Proof of Lemma 1 - Key ldeas

Proof sketch]
Consider F the Galois closure of F.

Tree(y) = >, oly)= > &(y)-

E—embeddings &€Gal(F /E)|diffrent on F

o We want to be smart when we choose §. We set some B/P and if
possible we take 6 € D(3/p). Then we note that 7(6(y)) = a(n(y))
for some o € E, embedding of Fy 5.

@ We then argue that we can obtain any « in such manner, i.e. 36 s.t.

m(8(y)) = a(n(y))-
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Proof of Lemma 1 - Key ldeas

Proof sketch]
Consider F the Galois closure of F.

Tree(y) = >, oly)= > &(y)-

E—embeddings &€Gal(F /E)|diffrent on F

o We want to be smart when we choose §. We set some B/P and if
possible we take 6 € D(3/p). Then we note that 7(6(y)) = a(n(y))
for some o € E, embedding of Fy 5.

@ We then argue that we can obtain any « in such manner, i.e. 36 s.t.
m(6(y)) = a(n(y)).

@ We prove that for every «,

{6 € D(R/pln(8(y)) = alx(y))}] = e(B/p).
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Valuation rings and their integral closures are PID

For every p there exists a local integral basis for p, namely, a basis

z1,...,2, of F/E s.t.

O; = Zn: (’)pz,-.
i=1

Let z,...,z, be any basis for F/E. As we saw in class that we can find
a; s.t. ajz; is integral over O,, we may assume that

/
Zl7~"7zneop7

or equivalently,

Z":Opzj- c Oy

Jj=1

4
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Valuation rings and their integral closures are PID

71,...,2p is a basis for F/E s.t. Y7, O,z C O..
j=1~"p4 p

4
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Valuation rings and their integral closures are PID

21,...,2, is a basis for F/E s.t. 337, Opz; C O}
The key step of the proof is proving, by induction on k, that
Elul,...,u,, € Oé s.t.

k k
O0,NY Opzf = Oyu.
i=1 i=1

V.
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Valuation rings and their integral closures are PID

21,...,2, is a basis for F/E s.t. 337, Opz; C O}
The key step of the proof is proving, by induction on k, that
Elul,...,u,, € Oé s.t.

k k
O0,NY Opzf = Oyu.
i=1 i=1

By a Claim from class, if Z}’:l Opz; € Oy, then 2}1:1 Oz 2 Oy

V.
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Valuation rings and their integral closures are PID

21,...,2, is a basis for F/E s.t. 337, Opz; C O}
The key step of the proof is proving, by induction on k, that
Elul,...,u,, € Oé s.t.

k k
O0,NY Opzf = Oyu.
i=1 i=1

By a Claim from class, if Z}’:l Opz; € Oy, then 2}1:1 Opzf 2 Oy,
Thus, if we will prove the above, by setting k = n, we can conclude that

n
0, =) O,uj
i=1
which will almost prove the lemma (we still have to show that vy, ..., u,

is a basis of F/E).

V.

Shir Peleg Algebraic Geometric Codes



Valuation rings and their integral closures are PID

So, we wish to prove by induction on k, that Juq,...,u, € (’){J s.t
K K
!
O,N> Opzi => Opu
i=1 i=1

The base case k = 0 is trivial (empty sum is 0).

v
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Valuation rings and their integral closures are PID

So, we wish to prove by induction on k, that Juq,...,u, € (’){J s.t
K K
!
O,N> Opzi => Opu
i=1 i=1

The base case k = 0 is trivial (empty sum is 0).

Say that uy,...,ux_1 € (’);J satisfy that
k—1 k—1
O,N> Opzi => Opu
i=1 i=1

v
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Valuation rings and their integral closures are PID

So, we wish to prove by induction on k, that Juq,...,u, € (’){J s.t
K K
!
O,N> Opzi => Opu
i=1 i=1

The base case k = 0 is trivial (empty sum is 0).

Say that uy,...,ux_1 € (’);J satisfy that
k—1 k—1
O,N> Opzi => Opu
i=1 i=1
Define

J={axcOp | 3a1,...,ak1 €0y st. arzf +---+az; € Op}.

Observe that J is an ideal of O,.

v
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Valuation rings and their integral closures are PID

J={acOp | 3a1,..., k1 €0, st. arz{ +---+az €O}
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Valuation rings and their integral closures are PID

J={acOp | 3a1,..., k1 €0, st. arz{ +---+az €O}

As, O, is a PID, we can write

da,eJ J= akOp.
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Valuation rings and their integral closures are PID

J={acOp | 3a1,..., k1 €0, st. arz{ +---+az €O}

As, O, is a PID, we can write
da,eJ J= akOp.
Let a;,...,ak—1 € Oy s.t.

ug = a1zy + -+ axzp € O,
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Valuation rings and their integral closures are PID

J={acOp | 3a1,..., k1 €0, st. arz{ +---+az €O}

As, O, is a PID, we can write
dax € J J=ak0,.
Let a;,...,ak—1 € Oy s.t.
ug = a1zy + -+ axzp € O,

By the choice of u, and by the induction hypothesis, we get that

k k
O0,NY Opzf 2> Oyu.
i=1 i=1
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Valuation rings and their integral closures are PID

On the other direction, take

K
z€0,NY Oz
i=1
Write
z=biz{f +-- -+ bzp with byi,..., b € O,.
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Valuation rings and their integral closures are PID

On the other direction, take

k
z€0,NY Oz

i=1

Write
z=biz{f +-- -+ bzp with byi,..., b € O,.

Thus, by € J = axO, and so dc € O, s.t. by = cax. Recall that

uk:alzf+-~~+akz,f€(9;.
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Valuation rings and their integral closures are PID

On the other direction, take

k
z€0,NY Oz

i=1

Write
z=biz{f +-- -+ bzp with byi,..., b € O,.

Thus, by € J = axO, and so dc € O, s.t. by = cax. Recall that
U = a1zy + -+ akzg 6(9;.
As z,u € Oy, we have that

z—cup = (b1 —car)zy + -+ + (bk—1 — cak—1)z;_,
k—1 k—1
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Valuation rings and their integral closures are PID

We conclude that
k
i=1

which proves the claim. Namely, Juy, ..., u, € O]

n n
0N Ozt =Y Opu;
i=1 i=1

and so .
/
O, =Y Oyu;.
i=1
It remains to show that vy, ..., u, is a basis of F/E.
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Valuation rings and their integral closures are PID

Take z € F. As z is algebraic over E, as before,

3beO, st bzeO,.

V.
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Valuation rings and their integral closures are PID

Take z € F. As z is algebraic over E, as before,
dbe O, st bze O;.

That is, every element z of F is of the form % for a € O;, 0#beO,.

Now,
n
a = E Ciu;
i=1

for some c1,...,¢c, € O, and so

:,:g%.

V.

Shir Peleg Algebraic Geometric Codes




Valuation rings and their integral closures are PID

Take z € F. As z is algebraic over E, as before,
dbe O, st bze (9;.

That is, every element z of F is of the form % for a € O;, 0#beO,.

Now,
n
a = E Ciu;
i=1

for some c1,...,¢c, € O, and so

:,:g%.

Since ¢;, b € O, we have that % € E, and so F = 27:1 Eu;.

v
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Valuation rings and their integral closures are PID

Take z € F. As z is algebraic over E, as before,
dbe O, st bze (9;.

That is, every element z of F is of the form % for a € O;, 0#beO,.

Now,
n
a = E Ciu;
i=1
for some c1,...,¢c, € O, and so
Z .
= b"

Since ¢;, b € O, we have that % € E, and so F = 27:1 Eu;.
This shows that wuy, ..., u, spans F over E. The proof follows as
[E:F]l=n. O

v
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