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1 The Hermitian Function Field

Let p be a prime and ¢ = p?.

Example 1. F,/F, is a field extension of degree 2. Its Galois group is G = {Id, Frob}
where Frob(z) = 2” is the Frobenius automorphism. Thus, for every a € F, we have

Trp, /p, (@) = Z ola) =a? +a
ocG

and

NFq/Fp(a) = H O'(a) =—aP - a= ap+1
ceqG

In what follows, we write Tr and N for Trp_/r, and N_/r, , respectively.
Theorem 2. Let E = Fa(%) [y]/<yp 4y — Pty Then E[Fq(z) is a field extension of degree
p, and E/F, is a function field, called the Hermitian function field.

Remark 1. The corresponding curve
{(z,y) €Fy x Fy | P +y = 2P} = {(2,y) € Fy x F, | Tr(y) = N(z)}

is called the Hermitian curve.

We would like to find all the degree one places of E /F,. First, observe that if ¢ is such a

place then its residue field is £ = Fy, hence | (@) (which is a place of Fy(x)/F,) is also of
q

degree 1.

Recall that the valuations that correspond to degree one places in Fy(x)/F, are vo and
Vg = Vz_q for a € F;. Thus we need to consider the extensions of these valuations to E.
We begin with the possible extensions of v to E.

Let v be an such a (discrete) extension. Since v (z) = —1 < 0 we must have v(x) < 0.
Moreover,
v(y? +y) = vt = (p+ v(z) < 0.



Thus we must have v(y) < 0 (otherwise y € O, which implies y» +y € O,). Hence
v(yP) = pr(y) < v(y) and by the strict triangle inequality, v(y? + y) = pr(y). Therefore we
obtain

pr(y) = (p+r(z) <0 = p|v(z)
Writing v(z) = —c - p for some ¢ € Nt we get v(y) = —c- (p+1).

Claim. v(E*) = cZ.

Proof of the Claim. On the one hand, v (%) =v(x) —v(y) = ¢ so that ¢Z C v(E™X).
On the other hand, {1,y,y? ...,y?"'} is a basis of E over Fq(x), hence every element
a € E* can be written as a = f:_ol ai(z)y’, where a;(t) € F,(t) not all zero. It is easy to

check that if a;(t) # 0 then v(a;(x)) = dega; - v(x) (where degg :=deg f —degg). Hence

v(ai(z)y') = v(ai(x)) + v(y")
= dega; - v(z) +iv(y)
= —c-[dega;-p+i(p+1)] € cZ.

In particular, if 0 < i < j < p—1 are such that a;(z), aj(x) # 0 then v(a;(x)y") # v(a;(z)y?).
Indeed, modulo ¢p the LHS is equivalent to —ci and the RHS to —cj, and

—ci # —cj mod (cp) as i #j mod p.

Thus, by the strict triangle ineqaulity we get that v(a) = v(ay(z)y"*) for some 0 < k < p—1,
and in particular v(a) € cZ. O

Replacing v with the equivalent valuation v/ := %V, we may assume w.l.o.g that v(E*) = Z,
with v(z) = —p and v(y) = —(p+ 1). Up to equivalence, this is the only valuation of F
which extends vs. In order to find the degree of the corresponding place P.,, note that
v(Fy(x)*) = pZ, so the ramification index is (v(E*) : v(Fy(z)*)) = (Z : pZ) = p. By the
two indices lemma,

[E:Fy(2)] - (W(EX) : v(Fg(x))) < [E: Fy(z)]

that is,

[E:F]-p<p = degPr=[E:F,] <1
hence deg P, = 1.

It remains to check the extensions of the valuations of the form v, = v,_, where a € F,.

In this case the corresponding place ¢q: Fy(z) — F, U {00} satisfies o (z) = . We are

looking for extension ¢: E — F,U{oo} with @‘F () = Por Any such extension must satisfy
q

p(y” +y) = p(aP™!) = ol
In particular, y € O, (i.e. p(y) € F,) and o(y)? + ¢(y) = P, that is, Tr(p(y)) = N(a).

Claim. Let 8 € F,. Then the equation tP +t = 3 has p distinct roots in F,.



Proof of the Claim. For § = 0 the equation is t* +t = 0, i.e. Tr(t) = 0. As Tr: F; = F, is a
linear map, its kernel is a subspace Sy C F, of size at most p. For 3 # 0, the set of solutions
Sp is either empty or an affine subspace of F, (of the form ¢+ So, where t§ +ty = 3). Since
Fq = ger, S, it must be that |Sg| = p for all § € Fp. O

Now, let § = N(a) € F,. Then there are p distinct elements f,...,5, € F, such that
Tr(5;) = . Check that each one of them gives rise to a degree one place ¢;: E — F,U{oo}
which extends ¢, and satisfies

pi(z) = a and pi(y) = Bi.
Moreover, any two such places are not equivalent.

Overall, we found that the number of degree one places of E/F,is N =1+¢-p=p°+1
(one which extends v, and for each a € F, another p which extends vy).
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