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Artin-Schreier extensions

Throughout this unit (and as is now typically assumed), K is a perfect
field.

Definition 1

Let E/K be a function field of characteristic p > 0. Suppose that u € E
is s.t.
Vv € E u#vP—v.

Let
F=E(y) where yP—y=u.

The extension F/E is called an Artin-Schreier extension.
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Artin-Schreier extensions

F=E(y) where yP—y=u (VZweE u#vP—v).
For p € P(E) define the integer m, as follows: If

JdzeE vp(u—(zP—-2)) >0

define m, = —1. Otherwise, set
m, = —m —(zF — .
N max vp(u — (2P — 2))

vp e P(E)  ged(pmy) = L.
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Artin-Schreier extensions

To prove Claim 2 we need two claims.

Let K be a perfect field and M a finite extension of K. Then,

VzeM 3TJyeM st z=yP.

Denote
f(T)=TP—ze M[T].

Let & € M be a root of f(T). Then,
z=aoP = f(T)=TP—-aP=(T—a).
Thus, the minimal polynomial f(T) of « over M is of the form
f(T)=(T —a)™ € M[T]

for some 1 < m < p.
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Artin-Schreier extensions

Proof.

The minimal polynomial f(T) of o over M is of the form

A(T)=(T—-a)" 1<m<p.

Unless m = 1, the extension M(«)/M is inseparable, and then so is
M(a)/K.

But M(a)/K is finite, which contradicts K being perfect.
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Artin-Schreier extensions

For every xi,xo € EX with vy(x1) = vp(x2) there exists y € E s.t.
Q@ v,(y)=0; and
Q vy(x1 — yPx2) > vp(x1).

As vy(32) = 0 we have Z = 2)(p) # 0 and so by Claim 3,

ek, yP==z

Let y € O, bes.t. y(p) =y. Then, v,(y) =0, and

Vp <y" = —) >0 = vp(xa—yPx) > vp(x).
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Artin-Schreier extensions

Proof. (Proof of Claim 2)

To prove the claim we show that if there is z; € E s.t.

vp(u—(zf —z1)) =—lp <0
then there is z, € E s.t.
vp(u— (25 — z)) > —Lp.
Indeed, take t € E with v,(t) = —¢ and note that
vp(u — (2 — 21)) = vp(tP).
By Claim 4, invoked with
x1=u— (2 —z1) X = tP
we can find y € E with v,(y) = 0 and

_ (7P — _ P _
vp(u — (21 — z1) — (yt)?) > —Lp.



Artin-Schreier extensions

vp(u = (2 — z1) — (yt)") > —¢p.

As
vp(yt) = vp(t) = —0 > —Lp,
we get
vp(u = (2 — z1) = ((yt)” — yt)) > —Lp.
The proof then follows by setting z; = z; + yt. O
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Artin-Schreier extensions

Recall the notation of Definition 1,

F=E(y) where yP—y=u with veE.

Theorem 5

F/E is a cyclic Galois extension of degree p. Moreover,
Gal(F/E)={o, | v=0,1,...,p—1}
with

o, (y)=y+v for v=01,....p—1.

| will leave it to you to prove this theorem though note that for every v
as above
yY-—y=u = y+v)-(+v)=u

and so the E-conjugates of y are y + v forv =0,1,...,p— L.
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Artin-Schreier extensions

With the notation of Definition 1,

Qep)=1 < my=-1
Q@e(p)=p < m>0
Moreover,

vB/p d(B/p) = (my +1)(p—1).
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Artin-Schreier extensions

Proof.

Assume m, = —1, namely,
dzeE  wvp(u—(2P-2))>0.

Denote
BW=y-—z um=u—(z\ - 2),
and note that F = E(y) = E(y1) and that
o(T) =T -T-u
is the minimal polynomial of y; over E. Indeed,
en)=-2-(y-2)-u

=yP-y—(-2)-u
=yP-y—-u=0,

and since the degree of y;-s minimal polynomial is p.
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Artin-Schreier extensions

JzeE vp(u— (2P —z)) > 0.

Denote
“nw=y-—z m=u— (2" - 2),

and let
oT)=TP—-T — 1y

be the minimal polynomial of y; over E.

As vy(u1) > 0 we have that y; € Oy. Thus, by a theorem we proved
(F/E is finite and separable),

VB/p 0<d(P/p) < vp(¢' (1)) = vp(—1) =0

Dedekind Different Theorem then implies e(3/p) = 1.
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Artin-Schreier extensions

Proof.
We turn to prove that

m,>0 = e(p)=np.
Note that this will complete the proof, but for the computation of the
different exponent, as e(p) € {1, p}.

Let z € E be s.t.
vp(u— (2P — 2)) = —m,.

Set
h=y—z m=u—(z° -2).

Again we have that ¢(T) = TP — T — u; is the minimal polynomial of y;
over E. For every 3/p,

e(B/p)- (=my) = e(B/p) - vp(wn) = vyp(u1) = vyp(y7 —y1) = p-vp()-
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Artin-Schreier extensions

—my - e(PB/p) = p-vp(n). (1)
By Claim 2, gcd(p, m,) = 1 and so, using also the fundamental equality,
e(B/p) = p.

We turn to prove that

vB/p d(B/p) = (my +1)(p—1).

Note that this follows by Dedekind's Different Theorem when m, = —1,
and so we assume m;, > 0.

By Equation (1),
vp(y1) = —my.
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Artin-Schreier extensions

Let x be a local parameter for p. By Claim 2, we can find /,j > 0 s.t.

1=ip—jm,.
Therefore o
t 2 x'yl
is a local parameter for 3. Indeed,

vp(x'yi) = i-e(B/p) +J- vp(n1) = ip — jmy = 1.
By a result we proved, in such case of total ramification,
d(B/p) = vp(¥'(1)),
where ¥(T) € E[T] is the minimal polynomial of t over E.

We turn to investigate ¢(T).
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Artin-Schreier extensions

Let G = Gal(F/E). Recall that by Theorem 5,
Gal(F/E)={o, | v=0,1,...,p— 1}
with o(y1) =y1 +v for v=0,1,...,p— 1. Then,
()= [T (T —a(t) = (T - 1) &(T),
veG

and so

P (T)=o(T)+(T - ) (T) = (1) =¢(t).

Thus,
d(B/p) = vg(¢'(1) = va(p(t)) = vs([ ] (£ = o(1)))

o#id

=3 up(t—o()).

oid
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Artin-Schreier extensions

Fix o # id, namely, o(y1) = y1 + v for some v € {1,2,...,p — 1}. Then,

J .
i i j i J\ j—¢ ¢
t—ol(t)=Xxy; — X +v) =—x - V.
(&= = n ¥ =~ 3 ()
As vy(y1) = —m, < 0, by the strict triangle inequality,

up(t = o(t)) = vp(x) + vp(vyd )
=i vp(x)+( —vpHn)
=ip+(—1)(—my)
= (ip — jmy) + my
=my, + 1.

Note that we used that j # 0 which follows from ip — jm, = 1.
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Artin-Schreier extensions

Proof.

To summarize,

d(B/p) = vp(t —of
o#id
vgp(t—o(t)) =m, +1 Vo # id

Thus,
d(B/p) = (mp +1)(|G| = 1) = (my +1)(p — 1),

which concludes the proof.
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Artin-Schreier extensions

Claim 7

With the notation of Definition 1, if there is p € P(E) with m, > 0 then
K is the full constant field of F and

p—1
gr=ge pt+p |2+ ) (my+1)-degp
pEP(E)

That K is the full constant field is proven similarly to the Kummer case.

The genus computation is immediate given Theorem 6 using Hurwitz
Genus Formula, so we omit the proofs.
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Artin-Schreier extensions

We remark that the condition
Vv e E u#vP—v.
follows if there is P € P(F) for which
vp(u) <0 & (p,vp(u))=1.
Indeed, if u = vP — v then vg(v) < 0 (otherwise v,(v? — v) > 0) and so
vy (u) = vp(vP = v) = p-op(v),

which contradicts (p, vip(u)) = 1.

It can be shown that every cyclic extension of degree that is equal to the
characteristic is Artin-Schreier. We proceed to consider a generalization.
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Overview

© Elementary abelian extensions
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Elementary abelian extensions

The above can be generalized to the so-called elementary abelian
extension or in their other name Artin-Schreier type extensions.

A polynomial of the form
hT)=anT" + a2, 1T +--+a, TP+ a € K[T],
where char K = p, is called an additive (linearized) polynomial. Indeed,
Yu,v € K h(u+ v) = h(u) + h(v).

Note that h(T) is separable over K iff ag # 0. Indeed, separability holds
iff A(T) and A’ (T) have no common factor of degree > 0, but
h/(T) = do-.

Hence, if h(T) is a separable polynomial having its roots in K then the
roots form a subgroup of the additive group (K, +) of order p".
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Elementary abelian extensions

Let E/K be a function field, charK = p > 0. Let h(T) be a degree p”
additive separable polynomial whose roots are in K.

Let u € E and suppose that for each p € P(E) either
Jz=2z(p)€E vp(u— h(z)) >0,

or
(p, max(vp(u — h(2)))) = 1.

Define m, £ _1 in the first case, and otherwise

my = —max vy(u = h(z)).

For example, when h(z) = zP — z we proved this is the case in Claim 2.

Let
F=E(y) h(y)=u.
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Elementary abelian extensions

With the above notation, if there is p € P(E) with m, > 0 the following
holds:

@ F/E is Galois with Galois group isomorphic to (Z/pZ)".
@ K is the full constant field of F.

@ Each p € P(E) with my, = —1 is unramified in F /E.

@ Each p € P(E) with my, > 0 is totally ramified in F/E.
© d(F/p) = (p" — 1)(m, + 1)

Q Lastly,

n_
ngp”~gE+p2 -2+ Z my + 1) - degp
pEP(E)
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Overview

© Elementary abelian p-extensions of K(x)
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Elementary abelian p-extensions of K(x)

Consider the function field F = K(x, y) with
Y9+ py = f(x) € K[x],

where ¢ = p* > 1 (p = charK) and p € K*.

Assume m = deg f > 0 is prime to p, and that all roots T9 + ;T are in
K.
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Elementary abelian p-extensions of K(x)

Q [F: K(x)] =g, and K is the full constant field of F.
@ F/K(x) is Galois. Moreover, the set

F={yeK [ +uy=0}
is a subgroup of order q of (K,+). Moreover,

[ — Gal(F/K(x))
Y — O'»y,

where o (y) = y + v is a group isomorphism.

Q o € P(K(x)) is totally ramified. It is the only prime divisor of K(x)
that ramifies.

© The genus of F is

(g—1)(m—1)

gr = >
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Elementary abelian p-extensions of K(x)

First one needs to prove an analog to Claim 2 but we omit the proof.

We turn to show that m,_ _ = m. Indeed, taking z =0,
Vpoo (F(X) = (29 + pz)) = vy (f(x)) = —m.
Now, recall that

= — f — q
My = = max vy (F(X) = (27 + 42))

and so if m,_ # m then m,__ < m, and so
Jdz € K(x) Vpo (F(x) = (27 + pz)) > —m = v, __(f(x)).
This is only possible if
—m = vy (F(x) = Vp.. (29 + 12) = 4 v, (2),

which contradicts (m, g) = 1.
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Elementary abelian p-extensions of K(x)

Proof.
Thus, Items 1,2 follows by Theorem 8.

As f(x) € K[x] for every p € P(K(x)) \ {poo},

vp(f(x) = (29 + pz)) = vy(f(x)) = 0,

and so, by Theorem 8, p, is the only prime divisor that ramifies, and it
totally ramifies. By Theorem 8,

-1
g,::q~gK(X)+qT =24F Z (my +1) - degp
pEP(K(x))
—1
:qT(—2+(m+1).1)
_(@=1)(m-1)

2
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Elementary abelian p-extensions of K(x)

Theorem (Theorem 9 continued)
Still with the notation above, let B, € P(F) be the unique prime divisor

lying over poo. Then,

(X)‘Boo = q'(‘pooa
(Y)‘iﬁoo =m- P

Moreover, for every r > 0,

L(r-Pos) =Span{x'y! | 0<i, 0<j<q—1, qi+mj<r}.
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Elementary abelian p-extensions of K(x)

That
(X)‘I%O =4q- moo

follows as e(Poo/Poc) = G-
Now, if B € P(F) is a pole of y then

vp(y9+py) <0 = wvp(f(x))<0 = wvp(x)<0,
and so the only pole of y is P,. Now,
v (YT + ny) = vip (F(X)) = e(PBoo /Poo) - Vo (F(X)) = q - (=m).

Thus,
v, (YT + py) = vp (v7) = q - vp (v),

and so
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Elementary abelian p-extensions of K(x)

Proof.

We move on to prove that
L(r-Pos) =Span{x'y! | 0<i, 0<j<q—1, gi+mj<r}.
The D inclusion is trivial.

For the C direction, recall that 1,y,...,y9 ! is a local integral basis of
F/K(x) at p iff
VB/p d(B/p) = vp(e'(v)),

where ¢(T) € K(x)[T] is the minimal polynomial of y over K(x).

In our case, the minimal polynomial of y over K(x) is
e(T) =TI+ puT — f(x) € K()[T],

which is contained in O,[T] for every p # po.
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Elementary abelian p-extensions of K(x)

Fix p # poo- As ¢/(T) = s
YB/p up(@(y)) = vp(k) = 0 = d(R/p),

where the last equality follows by Dedekind Different Theorem and since
Poo is the only prime divisor that ramifies.

Thus, 1,y,...,y9 ! is a local integral basis at p.

Take z € L(r - Poo) and write
qg—1

z:szyf zj € K(x).
Jj=0

As B, is the only pole of z, we have that
Vp# P z€ 0, =0yl
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Elementary abelian p-extensions of K(x)

qg—1
z:Zijj zj € K(x),
j=0

VP # Poo z€ 0, = Oyly].

Thus,
Vi z € K[x],
and so we can write )
=
j=0 i>0

The different summands have distinct pole orders as (g, m) =1 and
vgp. (X'y) = iq + jm.

The proof follows by the strict triangle inequality.



Elementary abelian p-extensions of K(x)

Theorem (Theorem 9 continued)

Still with the notation above, for every o € K the equation
T9+uT = f(a)

either has g distinct roots in K or no roots in K.

In the first case, if
B+ pup = f(a)

then there is a unique prime divisor B, 5/Pa s-t. ¥(Ba,g) = 6. In
particular, p,, splits completely.

In the second case, all extensions of p, have degree > 1.
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Elementary abelian p-extensions of K(x)

Proof.

If there is 8 € K s.t.
B9+ B = f(a)

then for every 7 s.t.
Y +py=0
(and we assume there are g such ~-s in K),
B+ +u(B+7) = f(a).
Hence,

q
T+ uT —f(a) = (T - 8),
j=1

for distinct f31,..., 89 € K.

The proof for this case follows by Kummer's Theorem.
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Elementary abelian p-extensions of K(x)

Proof.

In the second case,
T4+ uT — f(a)

has no irreducible factor of degree 1 and so, by Kummer's Theorem,

vB/p f(B/p) > 1,

as required. O
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Overview

e The Hermitian tower
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The Hermitian tower

Definition 10

Let p be a prime and g = p™. The Hermitian function field over F is
defined by
Fe(x,y) where y9+y=x9tt

Note that the LHS and RHS are the trace and norm functions,
respectively, from F . down to F,. That is,
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The Hermitian tower

Theorem 11

The Hermitian function field H/F . has the following properties:
Q It has

N(H) = ¢ +1

rational prime divisors: the unique prime divisor lying over

Yoo € P(Fp2(x)), and for each oo € F 2 and each of the q elements
B € Fg satisfying 39+ 3 = a9t there is a unique rational prime
divisor B g that lies over p,. Moreover,

X(Bap)=a  y(Bas) =B

Q Its genus
-1
gH:q(q2 )
© Forevery r >0,
L(r-Poo)={xy | 0<i, 0<j<q-1, iqg+j(qg+1)<r}
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The Hermitian tower

Proof.
We wish to apply Theorem 9. First note that indeed (g + 1,p) = 1.

Second, we need to verify that all roots of T9 4 T are in Fp..

Indeed, T9+ T is an Fg-linear map from ]Ff, (here we ignore the
multiplicative structure of qu) to IF that is onto. Thus, its kernel is a
one dimensional subspace of ]Fg. In particular, there are g solutions in
Fgp to T94 T =0.

Considering the cosets of the kernel, for every a € Fe, adtl Fq, and
so there are g solutions in F > to

T+ T =t

The proof readily follows from Theorem 9 and by Kummer's Theorem.
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The Hermitian tower

Let p be a prime and g = p™. Consider now the recursive tower
M = (Ho,Ha,...) over Fg with the defining equation

Y94y =Xt
Namely, Hg = FF2(xp) and
Hi =Fq(x0, - .., Xi) xf’—i—x,-:x,-qjll.
It is easy to see that Theorem 11 implies that
N(H) =q¢'"?+1

We turn to analyze the genus g; = g(H;) but before doing so, a picture.
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The Hermitian tower

LA o4 &
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\VARVARVAVA

]F4=IF2(O{) a2+a+1:0.

zhz=yt

¥, Gp
yrye

E(*) 0

Here
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The Hermitian tower

We know that

q(q—1)
SR

We turn to compute g, the genus of Hy/F2, namely,

g =0 g1 =

Fe(x,y,z)  y9+y=x9" 294 z=yst"

To this end we invoke Theorem 8 which states that

-1
gzzq-g1+qT —2+ ) (mp+1)-degP
PEP(Hy)

By Theorem 8 and since the only prime divisor of H; with mgpz > 0 is the
prime divisor P, the unique prime divisor lying over p, € P(Fp(x)),
we have

qg-—1
82=q g+ (mp.—1)

2%(q2+mmw—1).
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The Hermitian tower

Now,

1
—my_ = Mr)1€aF>I<1 U (y‘7+ — (w?+ w))

First, a standard calculation shows that

vp.(y) =—(g+1).

Thus,
Uy (y"Jr:l —(wi+w))>—(g+ 1)2.

Equality can be shown using that (g, + 1) = 1. Thus,
my.. = (q+1)?

and so 1
q_
g2:T( 2t mp, —1) =q(g® - 1)
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The Hermitian tower

9(q—1)
2
Using this argument throughout the tower, we get that

=0 g = g =q(q® - 1).

-1
gi:q'g,1+7q2 -2+ Z (my +1)-degp
pEP(H;—1)

1 )
~q g1+ (min - 1)

1 )
:q-g,-71+qT((q+1)’—1)
i+1

2

~q-8i-1+

Thus,
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The Hermitian tower

. i
ni=q?+1 g~5 g
Thus, ]
s
ni 2q

So, if we wish to obtain a Goppa code over [F 2 based on the Hermitian
tower, having block length (around) n, then we need to pick i s.t.

n=nj=q+2
but then we get

i q
and so if we wish to minimize the alphabet size, we are still forced to
take g = Q(/), and so the best choice is

log n
i,q=0 | ———].
hd <Iog|ogn>
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Overview

© The Garcia-Stichtenoth tower
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The Garcia-Stichtenoth Tower

Definition 12

Let p be a prime and g = p™. The Garcia-Stichtenoth function field over
Fg2 is defined by

Xq

x4~ 41" @)

Fe(x,y) where y9+y=
The respective recursive tower is denoted by GS = (GSg, GSy, . . .).

The difference between the defining equation of the Hermitian function
field and the latter is that the RHS is divided by the trace of x. That is,

N(x)

Tr(y) = Tr(x)
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The Garcia-Stichtenoth Tower

The GS tower, was introduced by Garcia and Stichtenoth in their seminal
paper “On the asymptotic behavior of some towers of function fields over
finite fields” in 1996.

In fact, they used the defining equation

x4
9_ .\, —
AR Ak g (3)
which defines the same function field - a fact that | leave for you to
verify. Hint: use o € Fg with a9 = —1 to change variables (why such

a exists?).

We will work with the defining equation given by (3).
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The Garcia-Stichtenoth Tower

Equation (3) does indeed define a recursive tower over IF .. Moreover, all
extensions GS;/GS;_1 are Galois of degree q, and p, € GSq is totally
ramified in all extensions.

Separability of GS;/GS;_; is clear, and that this extension is Galois
follows as it is an Artin-Schreier type extension.

Let P € P(GS;) be a prime divisor over po, € P(GSp). Then,

a7 =) = B lp) o (1o )
= e(B/pc) - (-1).
Thus, vp(y9 — y) < 0 and so

—e(PB/po) =q-vp(y) = e(PB/rx)=9 & vp(y)=-1



The Garcia-Stichtenoth Tower

Proof.

By the fundamental equality there is a unique prime divisor
PBoo € P(GS1) lying over poo, and it is rational.

We can iterate this argument and by that show that p., totally ramifies
in all extensions.

By a result we proved, [Fg. is indeed the constant field of the tower. [
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The Garcia-Stichtenoth Tower

Let T 2 Fyp \F,. Then,

{Psy—a | @ € X} C Split(GS).
By a result we proved, it suffices to show that for every a € ¥,

od
T 1—q91

h(c) 00 (4)

and that there are
qg=degf(Y)=deg(Y-Y)

solutions 8 € ¥ to the equation

ad
a_5_
b ﬂ_l—aq—l'
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The Garcia-Stichtenoth Tower

We wish to show that there are g solutions 8 € X to the equation

ad
B —pB= 1_qo1 (5)
To this end, take 8 € IFT, and note that
2
qz _pa_ aq _ (e

8 b (1—a9 1 (1-q 1)’
and so

qu _ B . (6% aq

I—ai 1)y  T_qo!
_(a—a9)+ (a7 — aq2)

1- aq—l)q+1 =0.
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The Garcia-Stichtenoth Tower

Proof.
Thus, 8 € Fp. To see that § € Fg recall that

aq
T 1— 91

BB #0

Hence, B € X.

Clearly, Equation (5) has g distinct solutions. The proof then follows by
a result we proved.
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I ~ E‘ \R/ﬁr
boboly kgt
PW’)?;}{,A‘ \camrc 7
Neoe | N & Wy I
- splts
Nam S—TL‘L LoFﬂnF}(,H 7 \ /
o X

Ram(GS) C {pa | a € FqU {o0}}.
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To summarize, by Lemma 14 and Lemma 15

s 2 |Split(GS)| > |[Fpz \ Fo| = ¢* — q,
r £ |Ram(GS)| < |[Fq U {oo}| =g+ 1.

Had GS been a tame tower, a result we proved would have implied that

2s S 2g(g—1)

AGS) = r—2-— qg-—1

= 2gq,

which would contradict the Drinfeld-VIadut bound A < g — 1.
However, recall our general bound
2s
>
280 = 2+ 2 pcram(F) 3 degp

where d(B/p) < a, - e(B/p).

A(F)
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As we will see in the seminar part of the course, for GS

d(B/p) =2 (e(B/p) — 1),
and so a, = 2. We thus have that

2s
>
T 280 = 24 D pcRram(F) @ deg P
2q(q — 1)
- —242(g+1)
q-— 17

A(F)

and so GS is optimal.
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