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Hurwitz Genus Formula

Throughout this unit F/L is a finite separable extension of E/K.

Lemma 1

Let L/K be a finite separable field extension. Let V' be an L-vector space
(and so V is also a K-vector space). Let T : V — K be a K-linear map.

Then, 3'T' : V — L that is L-linear s.t.

TrL/K o T/ =T.

L Fn

We omit the proof of this fact (see Dan Haran's lecture notes; Chapter
33).
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Adeles - recall

Recall that an adele of F/L is a function o : P(F/L) — F that maps
B — ayp s.t. vp(agp) > 0 almost always.

The set of adeles of F/L is denoted by A, or Af. Recall that Af is an
F-algebra. Multiplying by elements of F is done via the embedding
F<— Afr where x — [x] in which [x]p = x.

For a € D(F/L) we defined
Ae(a) ={a e Ar | VB e P(F/L) wvgp(a)+ vgp(a) >0}

We sometimes write A(a) for short.
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Adeles of extensions

Definition 2
We extend the above definition to extensions.

AF/E:{OLEAF | P1NE=PoNE — Ozsplzozspz}.

Note that F— Ag/g C Af and so Af /g is an F-subalgebra of Af.
Moreover, for a € D(F/L) we define

AF/E(a) = AF/E N /\F(Cl).

A > _ Vo ()7
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Adeles of extensions

Definition 3
We extend Trg/g : F — E to the map

Tree : Ape — Ag
as follows: For a € Ag/g and p € P(E),
(Tre/e(a))p = Tre/e(ag)
where P is some prime divisor lying over p.
We need to prove that indeed
Tre/e(a) € A(E).

Namely, we need to show that Trg/g(c), > 0 almost always.
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Adeles of extensions

We need to show that Trg/g(a), > 0 almost always.

As o € Ap /g we have that agy € Og almost always. Thus, for almost all
p € P(E),
VB/p ap € [ Op =0,
B'/p
Recall that Trg/e(O),) = Oy, and so for almost all p,
(Trese(@))p = Treje(asp) € Oy,

thus establishing that Trg/e(a) € A(E).
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Adeles of extensions

We further remark that

Tre/e([x]) = [Tre/e(x)]-

For every a € D(F) we have that

A = AF/E a4 /\F(u).

The inclusion Ar O Ag /g + Ag(a) is obvious. For the other inclusion,
take a € Ag. We first construct some 3 € Ag g as follows.
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Adeles of extensions

Proof.
Take p € P(E). The set of B/p is finite and so by WAT, 3x, € F s.t.

YB/p up( —ag) > —vp(a).
Note that for almost all p € P(E) we have that V3/p vy (a) = 0.

Moreover, since o € Af, for almost all 9 € P(F), vg(asp) > 0. Thus, for
almost all p,

YB/p up(x) = vp(x — ag + ap)
> min(vp(xp — o), vp(sp))
> 0.
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Adeles of extensions

Proof.
With this, we define 8 : P(F) — F by
52]3 = Xp7
where p € P(E) is the prime divisor lying under 3.

B € Af as v (Py) = vp(xp) > 0 almost always. Moreover, 5 € A(F/E)
since we take Oy = x, = [y for all places B, P’ lying over p.

Lastly, note that oo — 5 € Ag(a). Indeed, V3 € P(F),
vp(a =) = vplag — Ay) = vplap —xp) = —vp(a)-

Thus,
a =B+ (a—pB) € Ar/e + Ar(a),

concluding the proof. O
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Differential - recall

Recall that a differential of F/L is an L-linear map w : A — L that is
nullified on a subspace of the form A(a) + F for some divisor a.

AF/L

o — |

For a differential w # 0 we defined the canonical divisor
(w) = max {a € D(F) : w|p)+F =0}.

In particular, w|p(w)) = 0.
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Differentials in extensions

Lemma 5

Let w: Ag — K be a differential of E/K. We define a map
wi - AF/E — K

by w1 = w o Trg/e. Then,
@ wi is K-linear; and
Q w; is nullified on Nge(a) + F, where

a = Cong /e((w)) + DIff(F/E).

)
AF/E = K
»

eelg o
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Differentials in extensions

Proof.
The first item follows since both Trg g and w are K-linear maps.

For the second item, first note that wi|r = 0. Indeed, Trg/g(F) = E, and
w|E =0.

We turn to prove that (w1)|AF/E(a) =0.

Take o € Apjg(a). We need to show that wi(a) = w(Trg/e(a)) = 0. To
this end we show that

Tre/e(a) € Ae((w))-
Equivalently,
Vp € P(E) vp(Tre/e(a)) + vp((w)) > 0.
Thus, we need to show that for all p and B/p,
vp(Tre/e(asp)) + vp((w)) = 0.



Differentials in extensions
We want to show that

Ve, B/p  vp(Tre/e(asp)) +vp((w)) > 0.

Fix p and let x € E be s.t. vy(x) = vy((w)). Then, for all B/p,

)
vp(xag) = vp(x) + vg(ap)
e(PB/p)vp(x) + vp(ap)
e(B/p)vp((w))
e(PB/p)vp((w))
vp(Cong /e ((w
= Uq;;(—Diff(F/E

= —d(B/p).

w)) + v ()
— vgp(a)
) —a)

)

W

v

)
)

Thus, xasg € C,,.




Differentials in extensions

Proof.
Fix p and let x € E be s.t. vy(x) = vy((w)). Then, xagp € C,. Thus,

Up(Tre/e(xasp)) > 0.
Since Trg /g is E-linear, we get that
UP(TrF/E(XO“B)) = ’Up(XT"F/E(a‘B))

= vp(x) + vp(Tre/e(asp))
= vp((w)) + vp(Tre/e(asp))

Thus,
Vp((w)) + vp(Tre/e(ag)) 2 0

which, recall, concludes the proof. ]
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Differentials in extensions

Let w: Ag — K be a differential of E/K. Recall that we have defined the
map
w1 . AF/E — K

by w1 = w o Trg/e. We further denoted
a = Cong/g(w) + Diff(F/E).
and proved that w; is nullified on F + Ag/g(a).

Lemma 6

Va’' € D(F)
a ﬁ a — (W1)|/\F/E(a/) 75 0.

Gil Cohen Hurwitz Genus Formula



Differentials in extensions

Proof. (Proof of Lemma 6)
We wish to prove that

Vo' e D(F) st. o’ £a 38 € Apje(a’) st wi(B) #0.
Fix a’ £ a and let P’ € P(F) s.t.
v (@) > v (a) = v (Cone () + d(H/p),
where p is the prime divisor lying under B’. That is,
v (Cone () — o) < —d(F/p).
Define
J={z€F | ¥P/p vn(z) > vp(Cong/e(w) — )}

J is closed under addition and under multiplication by O;, and so J is an
Oy-module. Furthermore, Trg/g(J) is an Op-module.
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Differentials in extensions

J={z€F | ¥B/p vyp(z) > vp(Cong/e(w) —a')}.
By WAT 3z’ € F s.t.

VB/p vp(z) = vg(Conpe(w) — o).
In particular, zZ/ € J and
vy (2) < —=d(B'/p),
and so z/ ¢ C,,. Thus, 3v € O;, s.t.
Treje(v2') € O,

As Jis an Oy-module, vz’ € J and so Trg/e(J) € Oy.
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Differentials in extensions

J={z€F | ¥B/p vyp(z) > vp(Cong/e(w) —a')}.
Let t € E be with vy(t) = 1. Thus, for a sufficiently large r,

t'JC () Op =0,
B/p

Hence,
t'Tree(d) = Tree(t’)) SO, = vp(Trese(J)) > —r.
In this case, we proved in a previous unit that
Tree(d) = t"Oy

for some m € Z. In our case m < —1 as otherwise Tr,:/E(J) C Oy.
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Differentials in extensions

Recall that (w) is the largest divisor in D(E) on which w vanishes. Thus,
w does not vanish on Ag((w) + p). Namely,

Ja € Ae((w) +p) st w(a)#0.
Note that o &€ Ag((w)).
Since for all other prime divisors q # p we have

vg((w)) = va((w) +p)

we conclude that

and so

vp(ap) = —vp((w)) — 1.



Differentials in extensions

Define v,+" € Ag as follows

Qp, q=0p / 0, gq=p
Vg = Vg =
! {0, q 7 p. ; {am q7# p.

Note that
Q 7.7/ are adeles;
Q@ 17+7 =0q

Q 7' € Ae((w)); and so w(v') = 0;
Q w(v) =w(a) —w(®) =w(a) #0.
Write x = 7, = ap. Take y € E s.t. vy(y) = vp((w)). Then,

vp () = vp(x) + vp(y) = (~vp((@)) = 1) + vp((@)) = ~1 > m.

Hence, xy € t™O,.
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Differentials in extensions

Recall that Trg/g(J) = t™O, and xy € t™O,, and so

dze J st Tree(z) = xy.

Define an adele 3 € Af /g by

-1 .
ﬁm:{zy SR UL

0, otherwise.
As z € J we have that
VB/p vp(z) = vp(Conpje(w) — o).
Thus, using that v, (y) = vp((w))

v (B) = vg(2z) — vg(y)
> vy (Cong/e(w) — a’) — vgp(Cong/e((w))) = —vgp(a’).

Gil Cohen Hurwitz Genus Formula



Differentials in extensions

Proof.
For B8 not over p,

v5(8) = vp(0) = 00 > —s(a),
and so € Ap/e(a’). Next, we show that Trg/g(3) = 7. Indeed,
Tre/e(8)p = Treje(zy 1) =y Treje(2) =y~ lyx = 2.

For g # p,
TrF/E(B)q = TI’F/E(O) = 0 = ’Yq.

Thus,
wi(B) = w(Tre/e(B)) = w(v) # 0.
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Differentials in extensions

For every differential w of E/K 3! differential w' of F/L s.t.
VBeAre  Tryk(w'(8)) = w(Tre/e(B))-
Furthermore, if w # 0 then w' # 0 and

(w') = Congg((w)) + Diff(F/E).

A ! ..
\L

T
P

—

A\ Fre ™ -
O ‘EL/k
-I;F/s -

Ae — — K

Vo
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Differentials in extensions

Proof.
Set

a= COI’IF/E(((U)) 4 DIfF(F/E)
Define w; : Af/g — K by

W1 = wWo TrF/E-

A\r 9-’4,/
\ .

7
—

A\F/g/ -

< ’CL/k
—I:F/s

Ae — K

Ve
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Differentials in extensions

Proof.
Recall Lemma 4 which stated that

Vo e D(F/L) A = Ap/e + Ar(b).

Using this we will extend w; to wy : A — K as follows: Every element of
AFf can be written as  + v where § € A /g and v € Ag(a). We define

wa(B +7) = wi(B)-
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Differential

Every element of A can be written as 3 + v where 8 € Af /g and
v € Np(a). We define
wa(B +7) = wi(B).

Note that taking v = 0 € Ag(a) we get
w2(B) = wa2(B +0) = wi(B),
and so wy does indeed extend w;.

Ar 2/

N

A\ Flg
-
< Lk
_I:F/s l
A\E Ve K
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Differentials in extensions

Proof.
We turn to show that w; is well defined.

If 81 + 71 = B2 + 2 then

B1— B2 =72 — 7 € Ar/e N Ae(a) = Arje(a).

By Lemma 5, wy is nullified on Ag/g(a) + F and so
w1(B1) —wi(B2) = wi(B1 — B2) = 0.

Therefore,
wa(B1 +71) = wi(B1) = wi(B2) = wa(B2 + 12)-

Hence, w» is well-defined.
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Differentials in extensions

Proof.

Since wy is K-linear so is wp. Lemma 1 then implies that

E”w, : AF — L s.t. TrL/K o w/ = ws.
We want to show that

VBeApe  Tryk(w'(B)) = w(Tre/e(B))

—>

X
L
F/g
T Lk
F/E
K
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Differentials in extensions

Proof.
We want to show that

VBe Ape  Trk(w'(8)) = w(Tre/e(B))
For every 3 € A /e we have
Trk(w'(8)) = w2(B) = wi(B) = w(Trr/e(B)).
Ar 2

ﬁ\)r




Differentials in extensions

Proof.
We turn to prove that w’ is a differential. To this end, we will show that
w’ vanishes on Ag(a) + F.

Otherwise, since w’ : A — L is L-linear we will have that
w'(Ae(a) + F) = L.
As Tri /i is onto K, we have that
Trik(W' (Ar(a) +F) =K = wa(Ar(a) +F) =K.
A\F 7/

Kl’

< —CL/k

A Flg
-]:F/s l

Ae K
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Differentials in extensions

UJQ(/\F(CI) = F) =K. (1)

Recall that every element of A can be written as 3+ where 3 € Ag /g
and v € Ag(a), and that we defined

wa(B + v) = wi(p)-

Thus,
wa(Ap(a)) = w1 (0) = 0. (2)

Further, by Lemma 5, w;(F) = 0. Since F < Af/g and w» extend w; on
A /g we have that
(,u'2(F) =0. (3)

Equations (2),(3) imply
CU2(/\|:(C1) T F) = 0,

in contradiction to Equation (1).



Differentials in extensions

Proof.

We turn to establish uniqueness. Take a differential w” : Af — L s.t.

VBe Ape  Trk(w”’(8)) = Tr(w'(8)) = w(Tre/e(B))-

Then, n = w” — W' is a differential of F/L and, in particular is L-linear, so

VBe Are  Trik(n(B)) = Tryk(w”(8)) — Truk(w'(8)) = 0.
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Differentials in extensions

Trk(n(Ag/g)) = 0.

As Tri /k is onto, we have that

n(Ar/e) G L.
By the L-linearity of 7, we get that n(Af/g) = 0.

Since 7 is a differential it also vanishes on some Ag(b) for some divisor b
and so, by Lemma 4, 7 vanishes on Af, namely, w’ = w".

Ar I,
XL

’l;'-lk

A\ Flg
T |

Ae —— K

Ve

&
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Differentials in extensions

To conclude the proof, we show that
(W)=a= Cong/g((w)) + Diff(F/E).

We already proved that w’ vanishes on a, and so we need to prove that a
is the largest such divisor.

To this end, take a’ € D(F) s.t. o’ £ a. We will show that

3B € Ae(a’) st W'(B) #0.

AFK

L
A\ Flg
_l:F/s l

Ae —— K

Ve

Q ’CL/k
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Differentials in extensions

We wish to show that
d £a = 3JBeN(d) st (B)#O.
By Lemma 6,
3B € Aeje(a’) S Ar(a’) st wi(B) #0.

However, 3 € Ag/g(a’) and so wo(B) = wi(B) # 0.
As wy(B) = Trk(w'(B)) we conclude that w'(3) # 0.

AF I,
\L

A\ Flg
-
< ¥ Lk
_ﬁF/z l ‘

Ae —— K

Ve
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The co-trace

The map

COtI’F/E : QE/K — QF/L

wisw
that is defined implicitly by the property
Try/k o cotrp/e(w) = wo Tre/e
on Af/g is called the co-trace.

Ar 21

.
\;L

—~

A\ Flg” -
O _l:L/k
_I:F/s ¢

Ae —— K

Gil Cohen Hurwitz Genus Formula



Let w1, w2 € Qg k. Then,

cotre/g(wr + wa) = cotrg/e(w1) + cotrg/e(w2).

We have that

TrL/K o cotrF/E(wl) = w1 0 TFF/E,
TrL/K o COtI’F/E(UJQ) = wp O TrF/E-

Thus,

Tr/k o (cotre/e(wr) + cotrp/e(w2)) =
Try/k o cotrg/e(wi) + Tryyk o cotrg/e(w2) =
w1 © TrF/E +wyp 0 TrF/E = (wl aF w2) o TrF/E7

and the proof follows by the (implicit) definition of cotrg /g(w1 + wo).
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Recall that for w € Qg k and x € E, we defined xw € Qg /k by

Va € Ag (xw)(a) = w(xa).

Claim 10

Let w € Qg/k, and x € E. Then,

cotrg/g(xw) = x - cotrg/g(w).

Let

ox  Ape = ApsE
= XO.

Recall that by the implicit definition of cotrg/g we have that on Af /g,

Tr/k o cotrg/e(w) = w o Tre/e.
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The co-trace

Proof.

Thus,
TrL/K o COtI’F/E(w) 0Py =wWo TrF/E 0 Px.

Now, for every a € Af g,
(Trese © ox)(@) = Treje(xa) = xTreje(a) = (px © Tre/e)(@).
Therefore, on A g,
Tre/e © ox = px 0 Treje.
Thus, on Af /g,

TrL/K o cotrF/E(w) O Py = WO PYyx©O TrF/E'
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The co-trace

TrL/K o COtFF/E(w) O Py = W O Py O TrF/E.
But

XW = W O Py,

x - cotrg/g(w) = cotrg g(w) o s,
and so on A,
Tri/k o (x - cotrg/e(w)) = (xw) o Tre/g.

The proof follows by the (implicit) definition of cotrg /g. ]
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The co-trace

Claim 11

Let F/E and F’/F be finite separable extensions of function fields. Then,

COtI’F//E = cotr,://F (9] cotrF/E.

As with all tower type statement, we omit the proof.
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Hurwitz Genus Formula

Theorem 12

Let F/L be a finite separable extension of E/K. Let g, gr be the
corresponding genera. Then,

[F: E]

28F 2= K]

- (2ge — 2) + deg Diff(F/E).
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Hurwitz Genus Formula

[F: E]

28F —2=——-(2ge — 2 Diff(F/E).
gF K] (2ge — 2) + deg Diff(F/E)
Proof.
Take 0 # w € Qg k. By Theorem 7,
(cotrg/g(w)) = Cong/e((w)) + Diff(F/E). (4)

As (w), (cotrg/g(w)) are canonical divisors of E/K and F/L, respectively,
Riemann-Roch theorem implies that

dege((w) =26e—2  dege((cotre/e(w))) = 2gr — 2.
The proof then follows by taking dege on Equation (4) and using that

. % ()
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